Two-dimensional Vortex Shedding From a Corner

David Vener

1 Introduction

The understanding of the unsteady separation of high-Reynolds number flow past a pointed
edge is of interest to several fluid-mechanical problems, including flow past an aircraft wing
or flow past a coastline. Much work has been done on the special case of flow past a semi-
infinite line, notably by Rott [1], but much of that work has not been extended to less sharp
points.

In this paper, we consider a two-dimensional approximation of high Reynolds number
vortex shedding from a corner initially at rest in a motionless, unbounded, incompressible
fluid. If the corner is sufficiently sharp, that is if it has exterior angle greater than
vorticity must be shed when the fluid begins to move in order to maintain regularity at the
edge. We consider a flow with a vortex sheet emanating from the corner at ¢t = 0. As it
moves away from the corner, the vortex sheet rolls up at its end producing an effect that is
approximately that of a concentrated vortex. Therefore, we model the shed vorticity by a
single point vortex.

The vortex created at t = 0 moves in the flow created by itself, it’s image vortex, and the
forcing flow. The magnitude of the vortex may not decrease because this would represent
the unraveling of the sheet. Therefore, if it reaches some maximum at ¢t = ¢/, a new vortex
must be created in order to maintain regularity at the corner. The magnitude of the first
vortex will remain constant while the the magnitude of the second vortex increases and both
move in the flow created by the forcing and both vortices and their images. This process
could continue ad infinitum each time the most recently created vortex reaches a maximum.

2 Mathematical Formulation

Let us consider a body with a (not necessarily bounded) boundary C in the physical plane,
which we shall denote as the z-plane with z = x+iy with x,y € Re. Now suppose F': z — (
is a conformal mapping from the exterior of C in the physical plane to the plane Im({) > 0.

We create this image plane because we expect to be able to satisfy the boundary con-
dition at the body more easily in this plane than in the physical plane. In the physical
plane, we require that the velocity be parallel to the boundary. In the mapped plane, this
is equivalent to

Im® |- = 0. (1)
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Since a point vortex has a logarithmic singularity, we require

D~ L log(¢ — Co) + const. (2)
27

near ( = (g, where I" is the strength of the vortex. To satisfy the boundary condition, we
place an “image vortex” with strength —I" at position { = (y within the body in the lower
half plane. The potential of the two vortices is

i _
2 (¢) = 5 [lo8(¢ ~ &) ~ loa(¢ ~ Q)] 3)
which satisfies the boundary condition (1).
To calculate the potential in the (-plane due to n vortices with strengths I'y, ', ..., T,
at positions (1, (o, ..., (, respectively, we need only superimpose the potentials due to the

vortices and their images. Therefore, the potential including n vortices and the forcing flow,
U(t), is

()= U (1) + 5= > T [los(¢ — )~ loa(¢ - 5] )
j=1

Therefore, since ® ({) is analytic in the upper half plane and F' is a conformal map,
®(F~1(z)) is the complex potential in the physical plane which is created by n vortices
at z1 = F((),z2 = F((),...,2zn, = F((), their images, and a uniform flow. Thus, we can
write the complex velocity in the physical plane, in terms of the variables in the (-plane.
We have

ae  d¢ ,
Pl £<I> (©) (5)
1 /

Without loss of generality, we can choose the center of coordinates of the z-plane and
F so that the corner in the physical plane is at z = 0 and so that F'(0) = 0. Therefore, if
F’(0) = 0, the only way to make the velocity at the origin nonsingular is to force ®' (0) = 0.
This condition is known as the Kutta condition and can be expressed as

. n
U(t)+ — r[i—i]:o. 7
O3 20 (7)
As each new vortex is created, n increases. Note that this condition only depends on
variables defined in the (-plane.

We now derive the equation of motion for the vortices in the flow. Recall, that the
velocity near a vortex has a singular part due to its strength and a nonsingular part due to
the flow and all of the other vortices and images. Saffman [2] shows that the balance of the
pressure force on a small circle around the vortex and the change of momentum through the
circle requires that the vortex move with the nonsingular part of the flow. In the physical
plane that means

% = lenzlj d% [q) (F'(2)) - % log (z — Zj)]
1 d iT;
lin s |20 - 52 e (F(Q) - FG)|
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Removing the terms which are not singular at ( = (; and combining the singular logarithms,
we have

n

at  F'(G) or

oy

dz _ 1 U(t)+iZ[<Fk Y }_277(”3'_ _ﬁnmilog<—F(O: '

i~ G-G G—G)  2m (g dC

Finally, we expand F'(¢) in a Taylor series around ¢; to find that
FO-FG)) _ ' FUG) 2
os(Femg ) - (P [ g o elc-on))
F"(G5)
2F ()

Substituting equation (9) into equation (8) reveals that

= log F' (¢;) +

(C—=¢)+o((¢—¢)?) 9)

— .oon . . "
S R RPN ey R e b 5 < e d L
J ety LI ko G —GQ 27 (CJ Cj) ™ (CJ)
The last term in equation (10) is known as the Routh correction and takes into account the
self advection of the vortex. For convenience, we will study the evolution in the (-plane,
so we convert equation (10) by conjugating both sides and multiplying on both sides by
d¢;/dz; = 1/F'(¢;) to find that for each 1 < j <n

G _ 1 Ut_i"{_ﬂc Le ]y i EG)
a e 27% G

G GGl 2 (G-G) AT FG)
(1)
For completeness, we mention here that some authors have used equations other than
equation (11) to study the shedding of vortices in two-dimensional flows. Brown and Michael
[3] include a correction term on the left-hand side of equation (11) which is proportional to
dT’,, /dt to balance the force on a hypothetical line of vorticity stretching from the corner to
the vortex, which feeds the vortex allowing it to grow in strength. Howe [4] also considers
a line of vorticity, but he further requires that the correction term account for balancing
the torque on the sheet. We will discuss Brown and Michael’s equation briefly in section
3, but will not consider Howe’s equation because it is significantly more complicated and
even according to his own results only adds a very small correction.

3 The Evolution of the First Vortex

As discussed in Section 2, at t = 0, i.e. just as the fluid starts moving, we expect a vortex
to be shed from the corner in the physical plane. Since there is only one vortex in the fluid
initially, we need only consider equation (11) for j = n = 1 where I'; allows the Kutta
condition, i.e. equation (7), to be satisfied. Solving equation (7) for I'y yields

F-—2'Kﬁ U
1=2mi —U(t). (12)

1— G
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Therefore, we have

dcu 1 il ily ()

dt [F (¢ - 2 (¢1 — 1) T F'(G)
_ U [1 el P Gl
[F' Q)P 4(Im¢r)*  F/(G) 4ImG

with the initial condition that (; (0) =

(13)

3.1 An Exact Solution for the Infinite Wedge

To proceed, we must choose the boundary in the physical plane and calculate the conformal
map F. An infinite wedge with its tip at z = 0 is of particular interest because in the
region very near the tip, any corner is approximated by the infinite wedge. Therefore, let
us choose the boundary to be an infinite wedge with exterior angle o that is bisected by
the imaginary axis. The corresponding conformal map is therefore given by

F(¢)=e "o V3¢e, (14)
so that equation (13) becomes

g U(1) 1 [s1k +i(0¢—1)C1
dt 2| 2D 4(Im¢; )2 4Im¢ |

(15)

Writing ¢ = £ + in with &, 7 real, we separate real and imaginary parts in equation (15) to
find coupled equations for d¢; /dt and dn, /dt. That is

& _ U (t) = [1 o 5_%] 7 (16)

dt a2 (42 4 i
and
dm — Ut [a _ 15_1] ) (17)
o a(gaa) LA m

To solve equations (16) and (17), we note that the only explicit time dependence occurs
in a prefactor that multiplies the right side of both equations. Therefore, by dividing
equation (16) by equation (17) we are left with a differential equation for &; as a function
of m1. Solving this equation with the initial condition £(n = 0) = 0 yields gives us

4_
&== <

. (18)

Now, we can solve for 71(¢) in equation (17) by substituting equation (18) for &; recalling
that n; > 0. This yields an exact solution for 7n;, which in turn gives us an exact solution

for ¢1. We find
| (2o ([ 0007) V).

(19)
This indicates that the first vortex moves away from the origin along a ray in the (-plane.

(a—1)(2a—1)
4a5/2

G )=
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3.2 Preparing to Shed the Second Vortex

As discussed in Section (2), we expect the vortex to continue along its path as determined
by equation (19) until such time that the magnitude of its strength reaches a maximum.
_2nU (t) {(a —-1)(2a—1)

From equation (12), we compute
t
U(r)d
Ja 40572 /0 (7)dr

Without loss of generality, we can take U to be nonnegative for small ¢ since replacing U
with —U and &; with —&; leaves equations (16) and (17) unchanged. With this assumption,
upon differentiating equation (20) by ¢, we see that I'; reaches a local extremum at ¢ = ¢ if
and only if

I (1) ] . (20)

U’ (¢) /OtU(T)dwr%—o. (21)

3.3 An Exact Solution with the Brown and Michael Model

As discussed in Section 2, Brown and Michael [3] added a correction term to equation (10)
to account for an unbalanced force on a vortex sheet leading up to the vortex coming out
of the origin. For the first vortex, the corrected equation is

R VI A T ()

2w (G-G) A PG)

dzi  __1dIy 1 {U( ) il iT; F"(¢;) } (22

Cortelezzi [5] gives an exact solution for the infinite wedge in the case that o = 2. However,

we can solve equation (22) for any value of a, 1 < o < 2. In terms of (; equation (22) can
be rewritten

—a—1- —a U 3] ' | — 3] U (t 2 a—1 G
ol G =G _+2+Q_C1 & + O(é,)l 1+ |Cl‘_2+ a_ ).
U G G a—-aG ady (G—¢) 2 -G
- (29)
Changing variables by setting ¢ = pe'® reduces equation (23)to equations for p and 6. They
are

a—4sin?6 U (t)

0= 24
4a2sinf p2o-1’ (24)
and )
) p U a—1 Ucosb
= — . 25
P a+1U  a?(a+1) p2a—? (25)
We now solve equations (24) and (25) using the following change of variables:
A= yCe-D/let) 2a=1" ) — cosf, = fot Use/(etl) (1) dr. (26)
After some algebra, we have
dr _ (2a—1)(a—1) dp _ A—a—4p?
dai ?‘12(04—31) K, d_ltf - 40;2)\/1 (27>
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with the initial conditions that A(0) = 0 and u(0) = pp. Combining equations (27) to form
a single differential equation for u = \? gives

Pu (2a—1)(a—1)(4-a) o (2—a) 1<du>2
. (28)

ae 204 (a+ 1) TCa-—D(a-1)u\di

To solve this equation, we set du/dt = f (u) since there is no explicit time dependence.
After some manipulation, we find that

~ @a—-1)(a—1) -
At) ==+ 20% (0 1 1) Va4 —at (29)
and that
p=+ 42_ <. (30)

Putting all of this together, we find that the exact solution for the first vortex with the
Brown and Michael correction is

C1:<(2a—1)(a—1)\/m>z£-1<L>%+1</OtU(T)3a/(a+1)dT>Til<i 4_04”@)'

202 (a+1) U (t) 2 2
(31)
Therefore,
1
2 20 — 1 —1)v4— 2a-1 o2a-1) [* o
ri= 2 (Lo DA™ (52 [wipar), @
Va 202 (a+1) 0
which implies that the first vortex increases in strength until ¢ = ¢, satisfies
200 — 1 h a a
a@a =Dy / (U(r)a5T dr + U (ty) a1 =0, (33)
o+ 1 0

This agrees with the solution found by Cortelezzi for « = 2. In addition, equation (31)
agrees with our solution without the vortex sheet, equation (19), in its angle of departure.

4 The Second Vortex for the Infinite Wedge

If for some t; > 0, equation (21) is satisfied, a second vortex will be shed from the corner
of the infinite wedge, and the strength of the first vortex will be fixed for all times ¢ > t;.
For example, if U = sint, t; = cos™! (—1/2a). The system of equations given by (11) with
n=2Iis

2|22 —& G-G =) e

and

d(s 1 7 |: I Iy :| AR AR
dt a2|<2|2“{ U wlz o o e )47@} (%)
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with the initial conditions that (; is continuous at ¢; and that (2 (t1) = 0.
From the Kutta condition, we can solve for I's yielding

a o n(G-3)]
Iy =2 — |U —(=—=]- 36
’ mCz—Cz ©+ 2t NG G (36)
Plugging equation (36) into equation (35), we find
G 1 I Iy TG -Gl 1af —
dt "~ aZ |G {U(t) on [@—a C_z—CJ i [U+ | ] [ mey T
(37)

Since 0 < |Ca| < [¢1 (¢)] for t — t1 < 1, we can expand the second term inside the braces in
equation (37). Defining -
TG -G

K ()= U+ , (38)
2m |G
and )
€2 = ———5-—5, (39)
a? |¢o* 2

we are able to write

d—CQ = €9 {Kl (t) [1 — 1 (|C2|2 +i(a —_ 1) CZ - 2Re(91)C2 - 2Re(h1)§2 + O(CS)} ) (40)

dt Im¢s)? 4Im¢s
where
_ ir _ ir
9= aeem =5 (41)

4.1 The Size of the Terms in Equation (40)
Recall that we defined

TG -G
Ki(t)=U+ — (42)
2m |Gy
for all times t. From the Kutta condition, K1 = 0 for all £ < t;. Therefore,
d iTvd (G—CG\ TG -G
it " on dt( ol ) T ap
=0 (43)

for all t < t;. However, t1 is defined to be the location of the first local extremum of I'y so
that T} (1) = 0. Therefore,

dK, , iy () d (gl —5)
lim —=(t) = U'(t;)+ —
1m ( ) ( 1) 271- dt |C1|2 t

= 0, (44)

233




since U and (; are continuous functions at ¢ = t;. This means that the Taylor expansion of
K for t > t7 is of the form

k
Ky (t) = %(t—tl)erO((t—tl)S)? (45)
where e
) Ky

is, in general, a nonzero constant.
Now if we suppose that (3 ~ (t — tl)ﬁ , equating exponents of the leading terms on both
sides of equation (40), we find that

f—1=min(2,3) - 26 (a—1) (47)
so that . o5
{5 oz ®

4.2 Case 1l: o >5/4
From equation (48), we see that if @ > 5/4, then to leading order in (¢ — t1), equation (40)

1S
dGz _ 2Re(g1 (t1)) =
dt - Ct2 ’42‘204—2 <2- (49)

Therefore, setting (2 ~ a (t — tl)l/(zaﬁ), we find an equation for a:

a a

Solving for a, we find
4o 4 200—2
o= (1 Retor ()]) ViRl 651)
Therefore, if Re (g1) > 0,
(da—4 2a—2 o
ot (M el ())) (e )/ (52
and _—
ki (4o —4 o 1
[y ~ ng ( o3 IRe(g1 (tl))\> (t—t1)* 2. (53)

However, if Re (g1 (t1)) < 0, we would have a contradiction because the vortex would be
trying to stay on the wedge so that the boundary condition cannot be satisfied. Therefore,
we must determine sign (Re (g1)). We calculate,

sign (Re(g1)) = sign <%>
= sign(I'1) sign (Im (Cf)) : (54)
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We know that if signU > 0, then (; is in the first quadrant so that ¢? is in the upper half
plane; however, (7 is in the second quadrant if signU < 0, which implies that C12 is in the
lower half plane. Therefore, sign (Im (CIQ)) = signU, and

sign (Re (g1)) = sign(I'1)sign(U)
= (sign(U))* >0, (55)

which implies that the second vortex can always be released. Once the vortex moves away
from the singular point at the origin, the motion of both vortices can be analyzed by
numerically integrating equations (34) and (35).

4.3 Case 2: o <5/4

Setting (o = &2 + in2, we see that equation (40) is, to leading order in (¢t — t1),
dGo 1 ki 2 a & RS
St S S N . INEARY 56
i~ {3 e (e 5

This is equivalent to equation (15) with (; replaced with (2 and U (t) replaced with
ko (t — t1)* /2. Therefore,

e | O - ) (i sin o) 20 6m
and
aki (t—t)? [(a—1) (2o — 1 =
Iy ~ 1(\/5 ) {( 12)055/2 )|/€1|(t—t1)3] (58)

shortly after the second vortex is created. After it moves away from the origin, we can
again use numerical integration to explore the dynamics of the system.

5 More Vortices for the Infinite Wedge

Now suppose that at some ty > t1, the magnitude of the second vortex reaches a maxi-
mum. If we again assume that, once this maximum is reached, the strength of the second
vortex is fixed, a third vortex must be shed from the origin to satisfy the Kutta condition.
Furthermore, under certain conditions which will be discussed in this section, this process
could repeat itself several (perhaps, infinitely many) more times. Therefore, for the rest of
the section let us suppose that n vortices have been released from the origin and they are

located at z1, 29, . . ., z, respectively in the physical plane (corresponding to (1,2, ..., (, in
the image plane). We further assume that each of the (; are nonzero and that there exist
times 0 < 1 < tg < --- < t, at which each of the n vortices have reached a maximum,

respectively. We now consider the dynamics as the next vortex is released, i.e. for t > t,,.
Using equation (11) for a system of n + 1 vortices and equation (14) we have for the
newest vortex

dCn+1 i~ [ Iy Iy il (a—1)Tph4
e AU — =3 |2 - _ Jonit L
a o { W o ; Cit1 =G Gor1 — Gl 27 (Gor — Gatr) I AT Gt }
(59)
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while for each j, 1 < j <n,

d¢;  CL T T T ~ T,
&:q U(t)—LZ[_ k1w B ZJ__H'(OC _)J 7 (60)
dt 27 LG =G GGl 2 (G- ¢) 47 (;
where we have defined, in agreement with section 4,
1
€= T %a—2 (61>
aZ|G*
for each I, 1 <1 < n+ 1. These equations must be solved with the initial conditions
CnJrl (tn) = 0, FnJrl (tn) = O> (62)

for the new vortex and that each of the other vortices must move in a continuous manner,
holding their strength constant. From the Kutta Condition, i.e. equation (7) with n + 1
vortices, we can solve for I',,41, finding

o Gl Ty (11
Tppt = 2mC7 [U (t) + ; o (CZk - @)] : (63)

n+1l — Gt

We can substitute equation (63) into equation (59) and expand the resulting equation
to leading order in (41 since, for t — ¢, < 1, (41 <K (j, for all 1 < j < n. The resulting
equation of motion is

2
dGny1 _ - {Kn ) [1 _ 4(\Cn+1\ _H,(a —1) Cpg1

—2Re (gn) @ —2Re (hn) mQ + O(Cg-i-l)} )

dt Ian_H)Q 4Ian+1

(64)

with o

"~ il Ge — G
Kn(t):U(t)+Z2_ 2 (65)

k=1 ™ |Ck’

and " -

g = Ty il o= Ty i (66)

Note that equation (64) has exactly the same form as equation (40). Furthermore, the same
reasoning used in section 4.1 to show that K ~ (¢t — t1)2 can be reapplied to show that

Ko (1) ~ 2 (1= 1,)? (67)

for t — t,, < 1 with

d n T . 7

k=1

Supposing that (41 ~ (t — tn)ﬁ , equating the exponents of the leading terms in equa-
tion (64) reveals that
1
o>
,6 — { 2a§2

(69)

o
AN
FNIEASTS

as before.
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5.1 Revisiting a > 5/4

Following section 4.2, we find that setting (41 ~ a(t — tn)l/(2a72) and substituting in
equation (64) gives us an equation for a which can be solved to give

200—2
o= (22 Regn (1)) Vg el ) (70

which still leaves us with a contradiction if Re(g,(¢,)) < 0. However, with more than two
vortices it is actually possible for this contradiction to manifest itself. In fact, for the infinite
line (o = 2), considered by Cortelezzi and others, and U = sint, this contradiction arises
at 9, so that the third vortex cannot be shed. If we choose

2— QWTt+27FT 1t2 tST

U = { 1+ 15 cos(207rt) t>r, (1)

with 7 = .075 following Cortelezzi [5], gy, (t,,) is always positive so that vortices can be shed
indefinitely.

5.2 Vorticity Dipoles

To handle the contradiction just discussed, we must consider what happens when vorticity
is held near the boundary. The contradiction arises because the newly shed vortex and
its image are at the same point in space when the vortex is on the boundary. Rott [1]
suggests that one possibility would be to consider a boundary layer of vorticity around the
body. A simpler idea is to treat the vortex and its image together as a vorticity dipole
with strength D chosen to be parallel to the boundary. However, this approximation has
a few complications. First, the strength of the dipole is not the same in the physical and
mapped planes so that the shedding condition either cannot be treated as only dependent on
variables in the mapped plane or does not correspond to the strength of the dipole reaching
a maximum. Second, there is some ambiguity as to which direction along the boundary the
dipole travels; that is, two possible trajectories appear to satisfy the Kutta condition at the
origin and the equations of motion. These complications have not been worked out yet and
will be the subject of future work.
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