Lecture 18: Wave-Mean Flow Interaction, Part I

Lecturer: Roger Grimshaw. Write-up: Hiroki Yamamoto

June 25, 2009

1 Introduction

Nonlinearity in water waves can lead to wave breaking. We can observe easily that waves
break as they come to a beach. The waves on a current also may break. In this lecture we
derive modulation equations of water waves using Whitham’s averaged Lagrangian method.
Then we consider the interaction of nonlinear water waves with currents and slopping bot-
tom topography (e.g. waves on a beach).

2 Water waves in the linear approximation
In the linear approximation, the surface elevation ¢ for sinusoidal unidirectional waves is
((x,t) =acosl, 0=kr—wt+a, (1)

for waves of amplitude a, wavenumber k (> 0), and frequency w. Here « is an arbitrary
constant ensemble parameter. When there is no mean current the dispersion relation is

w? = gk tanh(kH), (2)

where g is the acceleration due to gravity and H is the mean water depth.
If there is a constant horizontal mean current U, in the frame moving with the current
(2’ = x — Ut), the dispersion relation remains similar to (2). Then, 6 can also be written as

0=kr —wt+a==k@a +Ut)—wt+a=kr'—(w-kU)t+aq, (3)

so that the dispersion relation of water waves on a horizontal mean current, in the rest

frame is
w=Uk+uw" (4)

where w* is the intrinsic frequency (i.e. w* = %[gk tanh(kH)]'/?), which has two branches.
The total frequency w is thus decomposed into the Doppler shift Uk and the intrinsic
frequency w*.
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3 Modulation equations of water waves

Now suppose that the amplitude, wave number, frequency, mean current and mean depth
vary slowly relative to the wave field. Then (1) is replaced by the Fourier series expansions

as
C(x,t) ~ a(x,t) cos O + ag cos 20 + O(a®), (5)

09 o0
Here ¢ is the phase, and the ensemble parameter « is constant, and the coefficient ay ~

O(a?) depends on w*, k,U, H. Tt is convenient to introduce a velocity potential ¥ defined
as

0=o¢(z,t)+o, k

U =Uz— Bt+ (0, 2), (7)

where @ is the wave component of ¥, and B is related to the mean height of the waves.
Now, ® is expanded as Fourier series in the form

®(6,z) = Aj cosh(kz)sin @ + Ay cosh(2kz) sin 20 + O(a®), (8)

where A; ~ O(a) and Ay ~ O(a?). This is because of the kinematic boundary condition at

free surface %—‘f % + %—f%. From (6), the equation for conservation of waves is,

ok + Ow =0. (9)
ot  Ox
The issue is to determine how the amplitude, wavenumber, frequency, mean current and
mean depth vary (slowly) in space and time. The mean current U(z,t) and depth H(z,t)
can be decomposed into background components u(z,t), h(x) and a wave-induced O(a?)
component.

The modulation equations for the wave amplitude, wavenumber, frequency, mean cur-
rent and mean depth are found using Whitham’s averaged Lagrangian method. The La-
grangian of the water wave system is (Whitham, 1974, chapter 13.2)

Cfow 1/0U\% 1 /00)\>
L——/_h{g+§<%> +§<§> + gz dz. (10)

Substituting (7) into (10), we obtain
¢ 0% 1 o0\? 1 /092
L = /_h B+w%—§<U+ka—0> _§<8_Z> — gz dZ,
1 9 | —
= B_§U H—EgH +gHh
oD\?  [0d\?
2 —_— —_—
k <89> +<8z>]dz' (11)

¢ 0P €1
—l—w—Uk‘/ —dz—/ =
( ) p 00 B2
Note that ¢ +h = H and (? — h? = (( + h)? — 2(¢ + h)h.
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Averaging the Lagrangian (11) in «, we obtain

27
T — Qi Lda = Z™ (W, B, H,h) + T (E*, 0", k, H), (12)
T Jo
2
. ga oo 1910, ov ov
= — = — = —— = —-— B _- 1
Er== k=50 =30 V=3 ot (13)

The functions f(m)(U,B,H, h) and ™ (E*,w*, k, H) are mean and wave components of
averaged Lagrangian respectively.

—(m 2 H2
Mean : I ):<B—U7>H——92 +gHh, (14)
—(w) DE* Dok*E*?
Wave v = + =2 + O(E*), (15)
2 2g
where
w*2 97T* —107T? + 9 .
= ng—l, Dy = — ST , T =tanh(kH), w"=w-—-Uk. (16)

These expressions are derived first by finding ¥ and thus L to get L. The coefficients
Ay, Az, ay in (7) are obtained by solving the variational equations

T T oL

80,2_ ’

8—141_’ Z?—AQ_ (17)

for Ay, Ag,as. The resulting ® is then used to find ¥ (8), which is then re-substituted into
L (11) and then L. See Whitham (1974, chapter 16.6) and Whitham (1967) for details.
To obtain the modulation equations, the averaged variational principle

5//Eda;dt=o, (18)

is used for variations in 6 E*,d¢, 1, 0H, and we have

OB+ g =0, (19)
59 %(%)—%(2—@:0 %o, (20)
o L)L) B
§H g—é ~0. (22)
From (19), the dispersion relation is obtained as
g + kQ%E* +O(E*?) =0. (23)
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From (21) we obtain

oOH 0 (w—=Uk)\] oH 0 B
W—F% |:UH+]€<E79]CT >:| _W—I_%(HV)_O’ (24)
where . ( )
kA oL w—Uk
From (22) we obtain
2
B= 2074 gH —gh+t+ (1 ! >I<:E*+O(E*2). (26)
2 2 T
Using (25) and (26), we obtain
0 0 9 o (gH? oS 0h
E(HV)+8—x(HV)+a—x<T>+a—x—gHa—x, (27)
where
—(w) o™ oT™
Equation (20) can be written as
0A OF
5t on =0 (29)

Now, (19), (29), (24), and (27) are the dispersion relation, the wave action equation, the
mean flow and mean momentum equations of the modulation equations respectively. To
these we add equation (9) for conservation of waves.

ok Ow
En + e 0. (30)
These equations are fully nonlinear. A is the wave action density and F' is the wave
action flux. In the linearized approximation (H & h, U = u) the dispersion relation (23)
becomes

D(w* k,h) =0, w=w"+ku, w*?=gktanh(kh) (31)
oD E* E* .
= D 7 = F, F = CgA = (Cg + U)A, (32)
where ¢ = % is the intrinsic group velocity. S is the radiation stress, which in the
linearized approximation reduces to
. ow* L wr
S = <kcg +h o > A= <2/<;cg - 7) A, (33)
since for water waves,
ow* w*
h—— =k — —. 4
on 9T 3 (34)

The equation for conservation of waves (30) becomes
Ok Ok 0u dwOh dw O 0u
ot " "ox T “ox  ohox ot "ox ot

Note that for steady backgrounds the frequency is conserved.
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4 Waves on a current

Now we consider a unidirectional steady current u = u(z), with constant depth h.

4.1 Linear approximation

In the linearized approximation (H ~ h, U =~ u), equation (30) becomes

ok Ow % 2

E—Fa—x =0, w=uk+w", w"™ =gktanh(kh). (36)
The steady solution is w = wg (constant), with k& = k(x). The wave amplitude is obtained
from the wave action equation (29), which reduces to

0A 0 E*

E‘F%(CgA):O, cg:u—kcz, A:F (37)
The steady solution has constant wave action flux Fj,
coc*a’ w*
200A=—4— =2F,, "=—.
9% fanh(kh) 0 ¢ T % (38)

For simplicity, we now make the deep-water approximation kh — 0o, so that w*? = gk,
¢, = c*/2. Suppose that u(z = 0) = 0 and the intrinsic phase speed is ¢* = co > 0 at x = 0.
Then the steady solution of (36) is obtained as follows. Since w = wy,

u(@)k(x) + /gk(z) — /gk(0) = 0. (39)
Dividing (39) by k(x), we obtain

=0. (40)
Here we used ¢*(x) = \/g/k(x), co = ¢*(0) = \/g/k(0). Then the solution of (40) is

c 2 M
c*(z) = 50 + {cou(x) + ZO} . (41)

The condition at x = 0 means we choose the plus sign. Note that the group velocity is

c* c 1 2142
co(x) =u(z) + = = u(z) + 24z {cou(az) + —0} . (42)
2 4 2 4

Thus, for an advancing current u(z) > 0, > 0, we must choose only the plus sign, and
so ¢*(x), c4(z) both increase as u(z) increases, while then k(z) = g/c*? decreases. Since
cgc*a2 = 2Fp, the wave amplitude decreases.

For an opposing current u(z) < 0, z > 0, there is a stopping velocity at = = z. ,
u(x.) = —co/4, and the waves cannot penetrate past this point, since ¢4(z.) = 0. Instead
the waves reflect, with the minus sign in (41, 42). Both ¢*(x), c4(x) decrease as |u(z)|
increases, while k(z) increases. Since c,c*a? = 2Fy = c2a?, the wave amplitude increases
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from the initial value ag, and a®> — oo as © — z.. Of course, this result is outside the
linear approximation, and in practice the waves will break at x;, < © = z.. Here we use an
experimental breaking criterion, ak(z;) = 0.44 (Miche, 1944); note that x; depends on ag
and c¢p. Using (41, 42) and cgc*a2 =2fy = C%ag, the wave steepness ak can be calculated
as follows,

ak = agko(G1G2) " Y2GT2, (43)
where
1 w  1\Y?
Gy = §+<_+Z> s (44)
0

The relation between u/cy and ak (i.e. equation (43)) is shown as Figure 1.

This rather simple theory has applications to the formation of giant (rogue, freak)
waves in the ocean, for example on the Agulhas current. There are also applications to the
modulation of water waves by an underlying internal solitary wave, whose surface current is
u(z) = ugsech?(Kx) say (Fig. 2). To explore these further, we take a wave packet solution
of the wave action equation (37)

x
cgA = cycta’ = Radb (t — 1), T= d_a; (46)
0 G
Here apb(t) is the wave amplitude at z = 0, and we assume that the shape function b(t)
is localized (e.g. Gaussian), varying from 0 to a maximum of 1 at ¢t = 0. Then the waves
break throughout the zone, x, < x < z., over a time interval determined by the width of
the packet.

4.2 Nonlinear effects

In deep water, the wave-induced components of U, H are negligible and so the Lagrangian
(12) becomes just (15) given now by

—(w) w* E* k’2E*2 .3
L''=—-1|]— - E 4

where now w* = w — ku(x). The nonlinear dispersion relation (23) becomes
2 _ 3 *2
= gk +2k°E* + O(E™). (48)

Conservation of wave action (29) and conservation of waves (30) again yield for a steady
solution (% =0)

F=——=F,, w)=w"+u(z)k, (49)

where Fpy, wy are constants. When combined with (48) these yield two coupled equations
for k, E* in terms of u(z). Now the dispersion relation (48) depends on the amplitude,
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Figure 1: Wave steepness ak versus u/co; apko = 0.1,0.2 (black, blue), where agky are
wave steepness at © = 0. Wave breaking criterion ak = 0.44 (red dash), yields breaking for
lul/co > 0.18,0.092.

0.15

0.05

Kx

Figure 2: Breaking waves on the internal wave current u = wugsech?(Kz), for ug/co =
—0.2,—-0.1 (black, blue), where the red lines give the breaking zones for agky = 0.1,0.2
(upper, lower). This shows that the waves of agky = 0.1 (0.2) will break when they are on
|Kx| < 0.33 (0.94) if the waves are on internal wave current indicated by black line.
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w* = w*(k, E*) as well as the wavenumber. Conservation of wave action flux becomes

WA=F, W= _agl(:) / agi}w) = u(zr) + ;’—k + k2A, (50)
o™  pr 22 E*
LA TR o
These are combined with (48) and (49),
w*? = gk + 2K3w* A, wp = w* + u(x)k, (52)

to yield two equations for k, A in terms of u(x). Note that for an opposing current u(z) < 0
(z > 0) there is now no stopping velocity, as W — 0, A — oo is not allowed.

The equation of wave steepness ak in terms of u(x)/cg is obtained by the same method
used to derive (43), but is more complicated. For convenience, we define

s(ak) = w*k2A, So = s(aoko), (53)
and 19
. g S0
A it 4
S= (54)

Then the first equation of (52) is written as
w* = k(g +2s), (55)

so A and W can be written as follows,

* 2 %
o E (),

w* g
- g, s
W = u+ ;—; + k2 A,
= u+ % + %(1 + a?k?),
= u+tc B + %(1 + a2k2)} : (57)
where ¢* = w*/k = /g + 2s/k. Because u(x = 0) =0, Ay and Wy are written as

Ay = Coagm(l + agk?d), (58)
Wo = < E + %(1 +a3k§)} . (59)

From the second equation of (52), we obtain
ko ¢  u
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Using (54), ko/k can be written as
o (<Y
k N Co '
From (60) and (61), we obtain the quadratic equation for ¢*/cg as
2 c* U
()2
Co Co Co

c* =14 /1 +45(up/co)

and its solutions are

Co 28 '
Conservation of wave action flux can be written as
WA =WyAp.

Multiplying (64) by (60)?, we obtain
TR ko 2
WA <— + —> = Wy Ao <—> .
o Co k
Substituting (56)-(59) to (65), we obtain
{3 < F Pl T a2k2)} } {faWL(l + a2k2)} (é
co ¢ |2 2(g+2s) co 2(g + 2s) co
1 agk;gg

~ [5+ 8 1+ )| v

— 7 (1+a2kP),
2 2(9 + 280) (g + 280)( 0 0)

(62)

(63)

(64)

(65)

2
u
+ _>
co

(66)

where ¢* /¢y can be calculated by (63). Because s and § are functions of ak, equation (66)

describes the relation between ak and u/cy, and it is shown as Figure 3.

5 Waves on a beach

In this section, we consider the waves on a beach. We recall that the full modulation

equations are

ot or  Ow ] - ok ’
OH 8 kA
o T HV) =0, V=U+t .
ov. v ol 19S5
ot Vor o tHar T
—(w)
(P Fw) 0L
S=k(F-VA)+L H=
Ok  dw _
ot oxr
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Figure 3: Wave steepness ak versus u/co; apko = 0.1,0.2,0.3 (black, blue,red); wave break-
ing criterion ak = 0.44 (red dash) yields breaking for |u|/cy > 0.27,0.21,0.13. The dash
line is the linear solution for agky = 0.1.

where 122
Fw) _ DE* | Dok”E” +3
L'V = E 2
and
*2

w
D=—"-—+
gk tanh(kH)

The mean momentum equation (69) has been rewritten.

Suppose that h = h(z) — 0 as x — 0, and that there is no background current. Then the
steady solution (% = 0) of these modulation equations yields the dispersion relation (71,
73), constant frequency w = wyp , and constant wave action flux and zero mass transport,

-1, Ww'=w-Uk. (73)

(W)
oL kA
5% 0, V=U-+ i 0, w'=wy—Uk (74)
Thus there is a mean Eulerian flow U = —kA/H, opposing the Stokes drift due to the

waves. The mean momentum equation (69) then yields the wave set-up ¢,

= 7 (W)
a¢ 108 B —(w) 0L
ga—x—kﬁa—x—O, S=kFy+ L HE?H . (75)
From (74), S as known in terms of H, and so
- *108 7108
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To illustrate, first make the small amplitude approximation. Then w* ~ wgy, H = h, so
that the dispersion relation becomes w2 = gk tanh(kh) and yields k = k(h), D = 0. The
constant wave action flux condition reduces to

cga2 = cgoa%, (77)

where subscript “0” indicates the values at the depth h = hg offshore. The expression (76)
can be written as follows. At first, we consider the total derivative of D. Now D can be
considered as D = D(k(h),h), so

dD 9Dk  dD

an = ovon ton =" (7%)
Because
oL _prop  oL" _E*9D _ (79)
oh 2 0n ok 2 9k "
using (78) we obtain
7(w)
0L ok
o —Foa—h. (80)
Using (80), %g—}f becomes
7(w)
108 1 0 oL
non ﬁ{kFo_a_h <h—8h )}
~ h ) 0h  oh onz |~
B Oh?
Then, (76) becomes
~ "105
9¢ = —/ Ea_hdh’
h aZE(W)
= 7 dh,
- oh
_ 2
_ 1/ tanh®(kh) rE",
2 tanh(kh)
1 (—sinh*(kh) + cosh®(kh) -
2 sinh(kh) cosh(kh) ’
kE*
~ sinh(2kh)’ (81)
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so that,
ka?

(=3 sinh(2kh)’ (82)

where (, = 0. This is always negative, and so is a set-down. In shallow water kh — 0,

cg ~ (gh)/?, and 12 »
ko (b e ()Y (53)
k?(] h ’ a h ’

so that, (82) can be approximated by

2 271/2
(-2 = aghy

4h  4h3/27 (84)

Since this small-amplitude theory predicts infinite amplitudes as h — 0, we must con-
sider nonlinear effects. One option is to impose an empirical wave-breaking condition
a/h = 0.44 (Thornton and Guza, 1982, 1983), which defines the depth h = hy, beyond
which there is a surf zone. Here, we shall examine nonlinear effects in h > h; in the shallow
water approximation kH — 0. Then the Lagrangian (72) becomes

—(w DE* E*2 *2 k2H2
™ ~ ) ~ <1+ >—1. (85)

¥ T T AegieHY T gHR? 3

This Lagrangian is only valid when ak < k3H3, that is, for a very small Stokes num-
ber (Stokes, 1847). Using the linear shallow water expressions (83) we require that Sy =
ag/kZh3 < (h/hg)®/*, which must fail as h — 0. Hence, we infer that in shallow water
we need to use a new theory, valid for Stokes number of order unity, so we consider the
Korteweg-de Vries model next.

The Korteweg-de Vries (KdV) equation for weakly nonlinear long water waves, propa-
gating on a constant undisturbed mean depth H, is given by (Mei, 1983, chapter 11.5.3)

8( 8( 360 8C C(]H2 63C -

9¢ 9¢ 3y, 9¢ 9% _ (2
ot T % T ogas T T a0 o= (gH) (86)

The KdV balance has linear dispersion, represented by H 3%, balanced by nonlinearity,

represented by ( %. To leading order, the waves propagate unchanged in form with the

linear long wave speed ¢y = (gH )1/ 2 . Nonlinearity leads to wave steepening, opposed by

wave dispersion, resulting in the KdV balance and the well-known solitary wave

B 9 B c . as 2K2H?
¢ = agsech?[k(z — ct)], o 1= S =3 (87)
The periodic wave solution of KdV equation (86) is
00 00
_ 2. 0. _ 90 _ oo
¢ =2a[b(m)+cn*(v0;m)], w= 5 k e (88)
_1—m E(m) a 2 9 ~ K(m)
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c:%:co{uﬁ[ﬁm—ﬂ%]}, (90)

Here cn(z;m) is the elliptic function of modulus m where 0 < m < 1, and K(m), E(m) are
elliptic integrals of the first and second kind. The amplitude is a and the mean value is 0.
As m — 1, this solution becomes a solitary wave, since then b — 0 and cn?(x) — sech?(z).
Asm — 0, v — 1/2, and it reduces to sinusoidal waves of small amplitude a ~ m. This
cnoidal wave (88) contains two free parameters; we take these to be the amplitude a and
the wavenumber k.

We now use the cnoidal wave expression (88) to evaluate the averaged Lagrangian (12),
incorporating a mean current U,

*2 * 2
™ _ £ 2y e 99
L'V = <gH 1> G(m) 5 +O(E*), E*= 5 (91)
where
G(m) =8(< cn4(70;m) > —b2), (92)
or

8[EK (4 —2m) — 3E% — K%(1 — m)]

3K2m? )
To leading order the phase speed ¢* = W = (gH )1/ 2 while the wave action density, wave
action flux and radiation stress now become, to leading order

G(m) =

(93)

7(w) —
oL G(m)E* B oT(W) B .
A= o o F=- % = (U +c")A, (94)
g_ 3w2A _ 3G(7;)E . (95)

As before, we now seek the steady solutions (% = 0), so again w = wy is the constant

wave frequency, and to leading order kh'/2 = k‘ohé/ 2 is constant. Next F = Fy is the
constant wave action flux, implying that, to leading order in wave amplitude,

h'2G(m)a® = constant. (96)
Then using the expression (89) we find that a oc mK2k?h3 and so finally we get that
G(m) = K*m?G(m) = constant - h~%/2. (97)

The wave amplitude determined from (96, 97) is shown in Figure 4. As m — 0, G x 1,
G o m?, and so m oc h=9/4, a oc h~1/* which is the linear Green’s law (Green, 1837) result.
But,asm — 1, Gx K1, G x K3, a oc h™L.

Wave set-up is found from (69, 95) and is given by
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Figure 4: The wave amplitude is determined from (96, 97). The plots are for an initial
modulus my = 0.1,0.5 (black, blue), while the linear solution ¢ h~1/4 is the red curve.

But since the wave frequency w = kcg, ¢ = (gh)l/ 2 and the wave action flux cyA are
conserved (see (96)), we readily find that

a*’G(m) _a02h(1)/2G(m0)
4h 4n32 7

This is just the linear law again, and is independent of how the wave amplitude varies. Note
that for ag/ho < 1, mg = 0, G(myg) ~ 1.

{=- (99)
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