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Introduction

As most waves, sound waves have the faculty to drive steady Eulerian flows. This effect,
called acoustic streaming, can be sensed as a consequence of the conservation of momentum.
Indeed, consider a progressive acoustic wave subject to an attenuation mechanism, e.g.
viscosity or thermal conductivity: whereas the energy of the wave shall be mostly
transferred to internal energy (and result in a local heating), a mean flow must be
generated in order to conserve momentum. Such non-zero Eulerian mean motions play
a crucial role in mass and heat transport. This has been recognized for water waves
by Longuet-Higgins [1], where it is of the same order as the Stokes drift (the
difference between Lagrangian and FEulerian mean velocities). For sound waves,
acoustic streaming is by far the main transport mechanism [2]. Given that powerful
ultrasonic sources are nowadays of common use, acoustic streaming can be considered
a simple and low-cost way to enhance heat transfer [3]. In this study, we investigate
the effect of acoustic waves on a strong, stably stratified medium, namely a fluid in
between two parallel plates of very different temperatures.

In the absence of thermal driving, the streaming flow generated by plane standing
waves has been worked out by Rayleigh [4] in the limit H,>> dpr, where H,is the
width of the system and dpris the width of the boundary layers (for a more general
study, see [5]). For a plane wave of the form U, cos(k.Z)gy, it consists of two series of
vortices located symmetrically about the median plane, of typical velocity 3U2/(16as),
where a, is the speed of sound and k, the wavenumber. Note that, even though
acoustic streaming results in this case from viscous dissipation in the Stokes boundary
layers, the mean flow does not depend on the viscosity, and therefore does not vanish
in the limit of infinitely small dissipation. Assuming that both the mean flow and the
acoustic waves are not affected by heat, i.e. that the density does not depend on
temperature, the additional heat flux associated with this streaming flow has been
computed for small aspect ratio [6]. Experiments have confirmed that acoustic
streaming enhances heat transfers [7]. Direct numerical simulations have also been
performed for relatively small aspect ratio, in the absence of gravity [8, 9], and show
that moderate thermal driving results in a vertical merging of these stack cells and in
an increase of the velocity of the streaming flow. This solution strongly contrasts with
the one theoretically considered for the computation of the heat flux [6].

This discrepancy between full DNS and previous theoretical studies results from the
assumption that the mean flow is driven by acoustic streaming taking place in the vis-
cous boundary layers. However, it has been recently recognized that in the presence of a



stratification, the dominant driving force takes place in the bulk and results from baro-
clinic production of vorticity of acoustic waves [10]. Acknowledging this mechanism as the
leading one, Chini et al. were able to obtain the correct order of magnitude for the mean
velocity in a strongly stratified system driven by acoustic streaming (a stabilized HIV lamp
[11]), whereas usual Rayleigh streaming would lie two orders of magnitude below. Along the
same lines of these authors, we demonstrate in this report that a similar description can be
applied to a gas between two plates subjected to a intense temperature difference.

We perform a multi-scale analysis of this problem and obtain governing equations for
the mean flow and for the acoustic waves. This reduced model emphasizes the complex
dynamics of the system, as waves and streaming flow present a two-way coupling: acoustic
waves drive a mean flow, that in return modifies the density field and thus affects the wave
field. We derive an approximate solution in some range of parameters, that provides an
accurate model for the previously mentioned direct numerical simulation of the full system.
We also present numerical simulations of this reduced set of equations, that can describe
regimes with strong coupling.

This report is organized as follows: we first review the basic mechanisms of acoustic
streaming, then describe the system and the multiple scale analysis. In section 3, we show
that the acoustic wave field can be obtained as the solution of a one-dimensional eigen-
value problem, and describe how its amplitude evolves. In section 4, we then compute an
approximate solution of this system and evaluate the associated heat flux and efficiency.
This is compared to previous direct numerical simulations of the full problem. Finally, in
section 6, we present the results of numerical simulations, then draw our conclusion.

1 Basic Mechanisms of Acoustic Streaming

1.1 The role of vorticity

In order to emphasize the role of stratification in acoustic streaming, we first review some
very basic facts about nonlinearities in acoustics. In all the following, acoustic fields will be
assumed to be of small amplitudes compared to the speed of sound a,. As a result, nonlinear
terms in the Navier-Stokes equation do not much affect the waves to a first approximation.
Indeed, this governing equation reads, for a Newtonian compressible fluid without second
viscosity,
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and, with w the angular frequency of the wave, k its wavenumber and U the wave amplitude,
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Therefore, nonlinearities appear as a small correction for the waves dynamics. However,
it would be unfortunate to disregard their consequences based on this fact since, although
small, such effects may be cumulative and affect the long-time evolution of the wave field.
Given the time-dependence of the waves, the nonlinear term will contain high frequencies:
this results in the apparition of harmonics in the signal, and may also lead to shock waves



or transfers of energy between wave trains (acoustic waves undergo three-waves or more
interactions). Such high frequencies can still be regarded as waves, and will not be further
discussed.

In the present work, we are interested in the low-frequencies that may be driven by this
nonlinear term. For this purpose, it is useful to cast it as

(aﬁ)ﬁ:ﬁ<ﬁ;>+(ﬁxa)xa (3)

This evidences that, although constant terms shall always result from quadratic nonlinear-
ities of an oscillating field, part of them are balanced by a pressure variation!. Therefore,
in order to drive a mean flow, acoustic waves must have some vorticity.

It is then natural to wonder the conditions necessary for an acoustic field to acquire
vorticity. This has been so far mostly discussed for fluids with uniform density background.
In this case vorticity is generated in an irrotational flow by viscosity [12, 13], although
external forces or moving boundary can also be considered. We shall see that another
strong source of vorticity resides in an inhomogeneous background density pg. This can be
evidenced by taking the curl of the linear Fuler equation, that describes inviscid and linear
acoustics, . B

V x (p()@tﬁ: —ﬁp) — 8, (6 X 17) _ (V) x (VP) ZQ(VP ). (4)
0
The left-hand side of this equation is the so-called “baroclinic contribution”, and is non-zero
when isobars and isopycnals differ.

1.2 Acoustic streaming in a horizontal cavity

As a first approach of acoustic streaming, we review the theory in a channel with an uniform
density background, mostly done by Rayleigh [4]. It results from vorticity being generated
in the thin boundary layers, contrary to “quartz wind”, in which viscosity acts in the bulk
during the propagation of a wave train. We consider two parallel boundaries separated by
a height H,, of same temperature, and describe the steady state associated with a plane
standing wave in the x direction, of wavenumber k,. In all the following, tildes and stars
refer to dimensional quantities, boldfaces to vectors, bars to time-averaged quantities and
primes to oscillating fields. The setup is sketched in Fig. 1, and we assume that a steady-
state is reached. To derive the streaming flow, we proceed as follows:

1. We assume that an operator drives an acoustic wave along the = direction in the bulk,
then compute the corrections caused by the presence of boundary layers.

2. In the boundary layers, we define and compute the “Reynolds stress”, i.e. the mean
force density that acts on the streaming flow.

3. We balance this force with viscosity in the boundary layers, and show that it results
in an effective slip velocity for the streaming flow.

!Because acoustic waves are compressible flows, one should not forget about the term (p — po)0O:V, where
po is a background density field that may, however, often be expressed as a gradient.
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Figure 1: Rayleigh problem of acoustic streaming
Quantity Expansion or scaling Parameters involved
x velocity u(Z,y,t) | eas (u1(z,y,t) + eug(z,y,t) +...) The speed of sound ax
y velocity 9(Z,7,1) | €2as (vi(x,y,t) + eva(z,y, 1) +...) The speed of sound a.
Density (%, ,1) epr (L+epi(z,y,t)+...) The background density py
Pressure p(%, 7,t) Py + psa’ (epr(z,y,t) +...) The background pressure p,
t wilt The angular frequency wy
T k, Ly The wavenumber k, = w./a.
7 dy, where dpr, = /2v/w. The B.L. thickness dp,
Small parameter e €=k € is dimensionless and small

Table 1: Scaling of the variables for the Rayleigh streaming

4. We compute the bulk flow by balancing this driving with viscosity, and compare the
result to numerical simulations that include inertia.

1.2.1 Effect of the boundary layers on the acoustic field

The presence of solid boundaries in a fluid imposes no-slip boundary conditions, that can
not be handled by potential flows. It thus generates both vorticity and strong velocity gra-
dients, that are often the dominant damping mechanism (a typical example being sloshing).
Quite surprisingly, the wave field actually undergoes changes everywhere, even far from the
boundary layer. Here we derive the acoustic wave field at the leading order in the bottom
boundary layer, as well as the small correction that affects the bulk flow.

In this problem, we have several small dimensionless parameters. The first one, pre-
viously mentioned, is the ratio of the wave amplitude to the speed of sound. Other ones
compare the boundary layer thickness dp;, = \/2v/w, of the order of a few microns for ul-
trasounds in air, to the acoustic wavelength and to the width of the system. For simplicity,
these numbers are chosen equal and small, which results in the expansions reported in Table
1. This problem has four governing equations:

1. The continuity equation,

0;p + 0z(pu) + 05(pv) = 0, (5)



that reads with our scalings and at the leading order
8tp1 + Opuy + 8y1)1 =0. (6)

2. The equation of state for an isentropic evolution,

1 (/0p
Bs - = <~> 5 7
7 \a5) (7)
with a, = 1//Bsps. At the leading order, it yields p; = p;.

3. The Navier-Stokes equation along the y direction,

5 (050 + W00 + 5050) = —Dyp + o <aﬁ@ + Oy + 05(0si + agv)> C®)
that reduces at the leading order to
Oyp1 = 0. (9)
4. The Navier-Stokes equation along the x direction,
5 (Ot + @it + 50yi) = —Osp + parv (aﬁa + Oyt + %ag(aia + am) o)
that is at order O(e)
Oyt

Oy = ~Oopr + 2 (1)

This set of equations has to be solved with a no-slip boundary condition at y = 0 and
with the far-field assumed to be an acoustic standing wave of the form

u(x,y = 0o,t) = cos(x) cos(t). (12)
This boundary condition (12) with (9) and (11) gives the order one pressure,
pi(x,y,t) = sin(z) sin(t). (13)

We can then get a close equation for uy,

Opuy = — cos(x) sin(t) + %, (14)

that describes a Stokes boundary layer and is straightforward to solve,
ur(z,y,t) = cos(x) [cos(t) (1 — cos(y)e™¥) + sin(t) sin(y)e Y] . (15)
Now that we know both p; (from p; and the equation of state) and wup, the continuity
equation (6) with the boundary condition v(x,y = 0,t¢) = 0 result in
sin(x)
2

v = [cos(t) (—1 — sin(y)e ¥ + cos(y)e™?) +sin(t) (1 — sin(y)e™? — cos(y)e )] .
(16)

Note that v; does not vanish in the limit y — oo, i.e. that the effect of the solid boundary

is not restricted to the boundary layer. However, v is scaled as a small quantity compared

to u, so that this velocity field remains a correction.



1.2.2 Definition and computation of the Reynolds stress

The streaming flow is a second order quantity, and we therefore need to consider (10) at
order O(€?),

Oz + p10yur + u10,u1 + vV10yu1 = —0ypp2 + % + éay (Opu1 + Oyv1) . (17)
The left hand side can be modified with the continuity equation (6),
Byus + Oy (prur) = —0upa — Byud — By (urvy) + 693“2 - %ay (Opur +0yvr). (18)
We then take the time-average of this equation,
0 = —0yPp2 — Opu? — 9y (uvr) + 8%;@2. (19)

We evidence on this simple system a general feature of acoustic streaming that
consists of an effective force on the second order mean velocity field coming from
inertial leading order terms. Generally speaking, this force F = Fjejcan be written as
the divergence of the Reynolds stress, and is

d(puqu;)
F= — 20
where the repeated suffix 7 is summed over one to three. With (15) and (16), we obtain
in(2
F, = smi 7) (2+ e % +sin(y)e Y — 3cos(y)e?) . (21)

Whereas the constant term along the y direction can be handled by the pressure field ps,
the other ones cannot.

1.2.3 Effective slip velocity

Most of the Reynolds stress divergence has to be balanced with viscosity, i.e. with the term
Oyy U2, that reads

sin(2x)

Oyyia = — (sin(y)e ™ — 3cos(y)e ™ +e ). (22)

With the boundary conditions (0yuz2)(x,y = 00,t) = 0 and uz(x,y = 0,t) = 0, it provides

ug(x,y,t) = Sin(;x)ey (—3sin(t) — cos(y) + 2sinh(y) + cosh(y)) . (23)

In particular, the mean second order flow does not vanish far away from the boundary layer,
where it takes the value

o (2, y = 00, 1) = 38”18(2‘””) (24)

This limit velocity is, with matched asymptotic expansion, a boundary condition for the
mean flow. In particular, we emphasize that this quantity does not depend on the value of
the viscosity, and is a small fraction of the acoustic wave amplitude. More precisely, if we
denote by U, = ea, the dimensional amplitude of the acoustic wave,

U2

- - 3
a(#,§ = 0,8) = T* sin(2k,). (25)




1.2.4 Mean flow in the bulk

If the driving imposed by acoustic streaming is balanced by viscosity (this regime being
called “Rayleigh streaming”), we have to solve in the entire domain

- _ - 3U2
0 =—-Vp+nluy, u(z,g=0or Hyt)= 3 = sin(2k.T). (26)

Q%
The steady-state is found with the use of a stream function ¢ (i2 = 931, 03 = —0z1)), that

has to be a solution of V4 = 0. Note that
sinh(ny) sin(nx) and  ycosh(ny)sin(nx) (27)
are solutions of V4 = 0, so we can look for 9 of the form
(#,§) = [Asinh(n(j — H./2)) + Bn(j — H./2) cosh(n(j — H,/2))]sin(ni).  (28)

We still have to enforce the boundary conditions. Canceling v at the solid boundaries gives
B = —A(nH,/2)" ! tanh(nH,/2). The effective slip condition fixes n = 2k and B, so that

(Z,9) = AW(y) sin(2kz), (29)

with

A= <1§’Tk> X (sech(ch*) - sinh(icH*)/(iéH*))_l (30)

and

¥(y) = sinh <2/%(g — Z)) — mz(;H) <2/%(g — Z)) cosh <21%(g — I;[)> . (31)

This solution describes a set four vortices per acoustic wavelength, two in the horizontal
direction, and two in the vertical one. Their energies are localized at a distance ~ k! of
the boundaries, so that the streaming velocity at the center of the cell becomes very weak

if the aspect ratio kH, is large, see Fig. 2 . This is the reason why this regime of acoustic
streaming is usually described in the limit § < H < k; !, where the stream function then

* )

becomes
MER YR A R )RR 32)
Y= e \\|, T 2) T a\m, 2| e
and the velocities are
_ 3U2 |1 g 1\°
u2(Z, ) e |17 (m—2>]sm(2k*x), (33)

S 3U2k,H, | (5 1\° 1/§ 1 N
A typical velocity induced in this system if often defined as the x velocity in the mid-plane,
that is 3U2/(16a.).
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Figure 2: Rayleigh streaming for aspect ratios k.H, = 0.5 (top) and k.H, = 5 (bottom).

1.2.5 Effect of inertia (“Stuart streaming” or “Eckart streaming”)

Up to now, we have considered that the flow in the bulk is fully balanced by viscosity,
which may not always be valid. In order to discuss this assumption, we have to evaluate
the streaming Reynolds number R, defined by

U2e
R, = =

= (35)

where ¢ is the relevant length-scale. We thereafter consider large and small aspect ratios.

Large aspect ratios If the aspect ratio is large, then the system does not depend on H,

anymore and ¢ = k. !, so that
U\ > Gy
Ry=|— . 36




For an ideal gas (and, generally speaking, for most gas), the order of magnitude of
the kinematic viscosity is the product of the speed of sound to the mean free-path

p, so that )
* A>|<
fg~<U> x(), (37)
Ay 4y

where A\, = 27/k.. Therefore, although the first term is small, the streaming Reynolds
number can still be large (for air in usual conditions, ¢, ~ 10~"m). Inertia results in a
jet-like flow where the velocities are concentrated in a second boundary layer, whose length
dpr,mF lies between the one of the acoustic waves dpy, ~ y/v/w and the wavelength A, [14].
It can be estimated based on the velocity U2/a, and the characteristic length k; !,

v

(5 ~ —_—
BTN T (U2 a)

<a*> X 0pL, > 0BL, (38)
U

To illustrate this, we report in Fig. 3 the velocity field obtained with a direct numerical
simulation of the bulk flow with R;= 100 and k.H,= 5. This has been obtained with
Dedalus [15]. Compared to Fig. 2, this clearly evidences this jet-like structure.

Small aspect ratios Similarly, if the aspect ratio is small, we rather define a streaming
Reynolds number based on H,,

2
H,
Ry = B R k), (39)

asV

where R; is defined in (36). The jet-like structures are less pronounced (see Fig. 3), but
the effect of inertia can still be observed for large values of Ry,.
1.3 Main features of Rayleigh streaming

The main features of this streaming flow can be summarized as:

1. The amplitude of the streaming flow is quadratic in the amplitude of the acoustic
wave (see, e.g., (25)).

2. In this setup, it results in stacked vortices of energy localized within a distance
k7! from the walls.

3. The streaming flow close to the boundary layer is directed toward the velocity nodes
of the acoustic wave, i.e. away from the pressure nodes.

2  Governing Equations for the Waves and the Mean Flow

2.1 Notations and dimensional equations

The problem we consider is sketched in Fig. 4 and consists of a thin layer of an ideal gas in
between two horizontal boundaries that drive the system toward a stably stratified steady
state. Compared to before, we add this temperature difference and our claim is that the
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Figure 4: Schematic of the problem: acoustic waves interact with a mean flow in a thin
layer of an ideal gas subject to a vertical thermal driving.

streaming flow will be driven by baroclinic vorticity in the bulk rather than viscosity in the
boundary layers. For simplicity, we still consider two-dimensional flows and we neglect the
effect of gravity?. The dimensional parameters and variables are defined in Table 2.

The kinematic boundary conditions are no-slip boundary conditions at § = 0 and §y = H,,
and periodicity in the Z direction of period 27/k,. Moreover, we fix a(x = 0,y,t) = 0 so
that there is no exchange of mass between nearby cells. The thermal boundary conditions
also consist of periodicity in &, and we require a constant temperature at the bottom,
T(g = 0) = T, and at the top, T(gj = H,) = T, + AO,. We then define I' = AB, /T, as
the dimensionless strength of this thermal driving. In the absence of flow, the dimensional
temperature therefore reads

H,

The dimensional equations are the same as in [10], excepted that we consider viscous
heating. They are reported below, with V = (0,, dy).

Ts(j) = T. (1 + rg> : (40)

( [8 i+ (a-V) } —Vp+u [@2 %@(@ )} , (41)
d:p+ V- (pa) = 0, (42)
peu [0 + (- V)T | = =5 (V- @) + V2T — o, (43)
p=pRT (44)

We consider the dynamic viscosity p and the thermal conductivity x to be independent of
the temperature. The dissipation function ® describes viscous heating and is

0z0 + (8?;5)2

O =2u {(8@’&)2 + (950)* - ( 3 ] + 1 (O5u + 0:0)* . (45)

2Gravity would affect the equations at the leading order if the Richardson number Ri = g./(k.a?) is
scaled as €%/ 2 which corresponds to a typical value of this number.



Notation Definition

(Z,7) (Horizontal, vertical) coordinate
H, Height of the channel
k. Horizontal wavenumber of the acoustic waves
K Thermal conductivity
p Gas density

u=(a,0) Gas velocity

P Pressure
T Temperature
1 Dynamic viscosity
R Specific gas constant

(cv,p) Specific coefficient at constant (volume, pressure)

a, = +/(cp/co)RsT Speed of sound

D Equilibrium pressure at § = 0 if T(iﬁ, g) =T
U, Typical amplitude of the acoustic wave (velocity)

Table 2: Definitions of the dimensional parameters

Since viscous heating results from the viscous term in the Navier-Stokes equation, we have
- 1~ -
// dxdy® = / dxdy pu - {V2ﬁ + gV(V )| . (46)

2.2 Dimensionless equations

We now turn to dimensionless variables and equations. The scalings and dimensionless
parameters used for this purpose are reported in Table 3 (for clarity, we define e = S~1).
Note that the aspect ratio has been chosen small. Even though the heat flux is not expected
to be maximal in this regime, since the flow will mainly be along the x direction, this is
motivated by the following facts. First, we expect the analysis of the acoustic wave-field
to be simple in a domain thin compared to the wavelength. We shall see that it constrains
the acoustic field to stay in the first mode along the vertical direction. Second, most
theoretical and analytical studies have been performed in this regime, so that comparisons
to previous works can be done. Third, at the leading order, the pressure gradient will be
found orthogonal to the background density gradient, resulting in an important baroclinic
contribution in the vorticity equation.

To illustrate these scalings, a setup in which e = 1073, and other parameters are perfectly
scaled (h =1 = Res = Peg =1,y = 7/5), would consist in a transducer sending a powerful
audible sound (f ~ 600Hz) in a strongly stratified long and thin layer (H, ~ 3 mm,
27 [ky ~ 60 cm, A® ~ T, ~ 300 K). Since € is very small, h and A® can be tuned so that
a height of 3 cm and a temperature difference of 30 K can also be described by this system.
The total temperature and pressure are written as a background profile plus a perturbation,

T(I7y7t) :TB(y)+@($7y7t)v P(l‘)y7t) :PB(y)+7r($7yvt)' (47)

We report below the dimensionless set of equations.



Variable Scale Parameter Definition Scaling
k‘*_l Strouhal number S ay /U, S=1/e
Yy H, Aspect ratio § k.H, 0 = +/eh
t (a*k*)*1 Temperature gradient T’ AO, /T, '=0(1)
U Qs Reynolds number Re p«Us/(kspt) | Re = Reg/e
v (k«H,)as Péclet number Pe pxcpUs/(kyk) | Pe = Peg/e
p px = pi/(RsTY) Specific heat ratio cp/Co v=0(1)
T T,
P 28

Table 3: Definitions and scalings of the dimensionless parameters and variables

1 € 1 1

B+ (@ V)] = ——— o+ (0t Lo, ) v+ -0,V (49)
plotv T u v eyh? ym Res wo T 2% ) VT g2 % Wi
06+ (u-7)0 10 LE (1 )Ty 0)(V-w+ L (0.4 L0, ) 040, (50)
t v dy = Y)\LB pPe, we T 12 Yy € ),
Orp + 0z (pu) + 9, (pv) = 0, (51)
1+7

p= T + <) (52)

2.3 Expansion with respect to ¢

To describe an acoustic field that evolves rapidly in time and whose properties depend on
a slow modification of the density field, we introduce a slow time scale T" = et and use the
WKB approximation. Therefore, a function f(x,y,t) becomes f(z,y,¢,T), where ¢ and T'
are independent variables. ¢ stands for the rapidly evolving phase, and may be written as

P(t) = —, (53)
where d®/dT is of order one. We define the instantaneous angular frequency by

do do
w(l) == = —. (54)

In this framework, the time-derivative of f reads

Of = wosf +eorf. (55)



The fast time average of a function f is

B 1 d+2nm

f(z,y,T) f(z,y,s,T)ds, (56)

=5 ;
for sufficiently large positive integer n, so that any function can be split according to
f@y.6.T) = fa,y.T) + f(@.y.6.T), J'=0. (57)
We then express all the fields as series of e:
o (u,v,m) = e(ur, vy, m) + €(ug, vo, ™) + ...
e (0,p) = (00, p0) +€(O1,p1) + ...
e P =05+ P+ ..., 50 that w=wg + ewy + ...

The derivation of governing equations for the streaming flow at the leading order can
be found in [10], and are reproduced below,

_ A 0T 5 _ Oyl
o (Orin + 0, + madym) = == = 0r (pou?) = 0y (poue]) + 255 (59)
ayﬁ'g =0 (59)
Orpo + Oz(pour) + Oy(pov1) =0 (60)
_ _ _ _ Oy ©
0700 + 10,00 + 110, (B9 + Tis) = (1 — 7)(Op + Tis) (Dpliy + Oy1) + ;eyﬁ (61)
S 0
1
s L 62
M= 5T, (62)

Substituting the density pp with (62), it also reads

/ oruy + ’121(91’17,1 + ﬁlayﬁl _ _89577(2 o (- u/12 B 8y _ u’lvll n nya; (63)
O+ 15 0 Op+1p O)+1Tg Regsh
82,,7’72 =0 (64)
_ _ ayyéo

Og i1 + 8yU1 = Pe.n2 (65)
_ _ _ _ — = ayyéo

Or©¢ + 110,00 + v18y (@0 + TB) = (O + TB)P@ 2 (66)

1
e — 67
=5 T, (67)
On the other hand, the equations describing the acoustic waves are
1

( wOﬁoa¢U/1 + ;83;71'/1 =0 (68)

oymi =0 (69)

woa¢p/1 + ax(ﬁoull) + 8y(pov’1) =0 (70)

w00 + 110,00 + v10y (O + T) + (v — 1)(O¢ + Tp) (0t} + yv}) =0  (71)

™ — P (B0 + 1) — poO) =0 (72)



We obtain a close set of equations that describes the coupled dynamics of a wave field and
a streaming flow. On a fast time-scale, the acoustic waves are not affected by attenuation
mechanisms (viscosity and thermal diffusivity). They are expected to affect the waves on
the slow time-scale, and this effect is not taken into account by this set of equations. We
shall see later on that such effects, among which are damping and energy transfer with the
mean flow, are part of a second order solvability condition.

2.4 Energy balance

2.4.1 Dimensional energy balance

Although not essential for the rest of the study, it it interesting to have a look at the energy
balance. For this system, it is (see Appendix A for more details),

dE.
dt

-0 (73)

where @ is the total heat flux received by the gas, defined by
Q=r [ do[@T)(@.5=0.8) - OT)(a.5 = H..1)] (74)

and F. the kinetic energy, defined by

B, = // dady ( +- 1) (75)

n (75), we recognize the macroscopic kinetic energy density and the microscopic kinetic
energy density of an ideal gas, i.e. the internal energy of an ideal gas>.

2.4.2 Dimensionless energy balance expended with respect to ¢

With dimensionless quantities, (73) becomes

/ / dady [ = g (u+ ﬁhv)ﬂ (76)

— pe 1 [ @D =00 - @) = 1)),

That gives, at order € and with fast-time averaging,

= /dw [(ayC:)O)(xay = O>t) - (ay@())(%y = 17t)] ) (77)

that can be also derived from the initial set of equations. This states that the instantaneous
heat fluxes at the top and at the bottom are equal.

3Since we assume that C, does not depend on T, U(T) = C,T = ”RT == 1 for an ideal gas.



At order ¢, for the fast time scale, we get

// dxdy (0m}) =0, (78)

given that O does not depend on the fast time. This equality also results from the study
of the acoustic modes (7]  g(x), see next section).
At order €2, with fast-time averaging,

drdy (9rm) = 55— [ du[(0,01)(z,y = 0,) = (3,01)(w,y =1,0)] . (79)
h?Peg

This balances the internal energy variation of the gas with the instantaneous heat flux.
Given that 71 (x,y,T) = 71(T), this equation gives access to 71, via
dmy Y

o / dz [(9,01)(x,y = 0,t) = (9,01)(z,y = 1,1)] (80)

3 Properties of the Acoustic Waves

We now focus on the acoustic waves. Their evolution only depends on one slow variable, the
first order density pg (O + T = Po 1). This quantity is considered as a given function in
this section. Therefore, the set of governing equations is linear, and we thereafter consider
only one eigenvector. All the fields can then be expressed as

Ao,y 6.T) = 3 (A iy, ) + e (s1)

where f stands for any variable (u,v,p,7,0), A(T) is a slowly evolving amplitude, and fi,
a complex function, describes the geometry of the mode. For this decomposition to be
unique, we need a normalization condition for f , that we shall derive later on. The slow
evolution of A cannot be obtained from the first order set of equations, and will be found
as a solvability condition for the waves at the next order.

3.1 Geometry of the mode
3.1.1 Reduction to a single ode

Given the decomposition (81), the governing equations are

1
wopotil + ;aa;ﬁj =0 (82)
0,71 =0 (83)
iwop1 + Oz (poti1) + Oy(pov1) = 0 (84)
iwo©1 + 110,00 + 010y (00 +Tp) = (1 —7)(00 + TB)(dxti1 + 0y01) (85)
71 = p1(00 + Tp) + poO1 (86)



This system becomes, with O (z,y) + T5(y) = 1/po,

( 1

1wy potiy + ;6@«7}1 =0 (87)

Ay =0 (88)

. i _ _

= [0z (potia) + Oy (podn)] (89)

A~ o Z ~ _71 N _71 1 - ’Y N ~

0, =— ulﬁxpo + Ulaypo - _7(6:1:”1 + ayvl) (90)
wo £0

1= oy poO1 (91)
Po

Combining (89), (90) and (91), 71 can then be expressed as a function of 4; and vy,
. 4 . .
1 = LDyt + 0,01). (92)
wo
Therefore, the initial set of equations reduces to two coupled partial differential equations,

61(&,6111 + Oyﬁl) = —w%p_olll (93)
ay((?xﬂl + ayﬁl) =0 (94)

We can go further and obtain a single ordinary differential equation. To this end, we
formally integrate a combination of these equations,

f(z)

0y(93) + 0,(94) = 0y(pti1) =0 = 01 = o (95)
0
where f is an unknown function of x only. (94) then becomes
Po
where ¢ is another unknown function. (93) finally reads
/
x
J = —df = fla) = LD, (o7)
0

Equations (95) and (96) provide expressions for @1 and 97 as a function of this unknown
function g only (remember that the bottom boundary condition is o1 (z,y = 0,7) = 0):

. . d(=)

Ul(xa Y, T) - w%ﬁo ($, y) (98)
A _ g'(x) [vdy

v1(2,y, T) = yg(x) + O ( 2 /0 po) (99)

The upper boundary condition 01(z,y = 1,7") = 0 provides a differential equation for g,

"(x)a(x o w2
o) =~ (25 ) = )+ o) + Data) =0 (100




where a(z) is defined by

1
a(z) = /0 dy (101)

po(r,y)
The ability to describe a two-dimensional acoustic field with a single ordinary differential
equation is a result of the thin layer approximation: in any container of aspect ratio of order
unity, the frequencies of the modes have to be found through a two-dimensional eigenvalue
problem. This provides a huge simplification to the analysis of these acoustic modes, and
we thereafter characterize this function g.

3.1.2 General features of g

Real-valued function We impose ) to be a real field. Equations (93) and (94) thus
imply that 07 is also a real field, (92) that 7; is a pure imaginary one, and so on. Given
that 41 and 07 are directly related to g (see (98) and (99)), we deduce that g is real-valued.

Orthogonality (100) is a second order differential equation in the “Sturm-Liouville form”
(or “self-adjoint form”), and cannot be solved explicitly. Its mechanical equivalent is the
motion of a mass attached to a spring of variable stiffness (note that « > 0), and driven or
damped by a linear friction force. We therefore expect that g is a function “that oscillates”.
This is confirmed by the following integral, computed with the 27 periodicity in x:

/0% g(a)dz = — [g(fizg‘(@]zw = 0. (102)

Thus, there must exist one or more xy such that ¢'(xz¢) = 0, which correspond to nodes
for the z-velocity: i (xzo,y,T) = 0. To enforce the zero mass exchange at z = 0, the
boundary conditions of (100) must then be ¢’(0) = ¢/(1) = 0*. We can also show that the
eigenvectors of this ode are orthogonal. Let (g4, gp) be two eigenvectors and (wa,wp) their
angular eigenfrequencies,

2 2
<d—%%;%m%mmaéud%m—ﬂwmmm (103)

mrod o, d
= [ |ongh ) — 9w sl | @ 108

= [algaghs — gpg)]y" =0 (105)
This provides a scalar product on eigenvectors, and we therefore require them to be nor-
malized, i.e.

/27r g(z)*dr =1 (106)
0

4 With (58), this implies that a(z = 0,¢,y) is always zero.



Vertically averaged velocities We define (Ul, Vl) as the vertically averaged = and y

velocity:
1
; A g(x) . / /
Vi = dy =—=>+ — 107
@)= [ oy =22+ (2 —Ws) oo
g(x) | d (d'(2) / ' / dy’
= d _— 108
2 T dzx ( 0 Y ﬁo xz, Z/,7 T) ( )
9(x) Ja(x) ( _g(x)
— il =0. 109
2 + dz ( 2w} 2 (109)
Therefore, the acoustic field has a zero vertical mean. For the horizontal velocity, we get
1 / 1 /
- X g'(z) dy g'(z)o(z)
le:/ula:,ydy:— / — = — . 110
@)=, o) Wy Jo oz, y) W (o)

Similarly, we can derive some kind of orthogonality condition for these mean x velocities.
Let (Ua,Up) be two eigenvectors, associated with the angular eigenfrequencies (wa,wp)
and the functions (g4, gB):

27 27/ alx
| Oat@gstarie = | wg%@)dx (111)
" (z)a(x I 2
——["A(Wg”gwﬂo - [ st = -0k )

These equalities result from periodicity in = and from the differential equation (100) for g4.
(55 is the Kronecker delta, equal to unity if A = B, 0 otherwise.

3.2 Slow evolution of the amplitude

With the previous system, we can at every time find the shape and the frequency of any
acoustic mode. However, the evolution of A(T') is not constrained. Since we expect several
physical effects that are not described at this order to be involved (as damping or energy
transfer to the mean flow), we have to derive equations for the waves at the next order (see
Appendix B). The following amplitude equation can then be obtained (see Appendix C):

2 d(Awyh) _ iwg A
Awo_l T~ P / dxdyg(x)0yy©1 (113)
_ _ . 2 g/(ZE)Q Pes - 1
+ // dxdy(0,u1 + 0y01) [(1 v)g(z)* + w2po \Re, 2 (114)
// dxdyg' (z ulﬁmpo + 010yp, ) . (115)

The terms in the right-hand side of this equation describe thermal damping, energy
exchange with the mean flow, and heat transfer at the boundaries. The quantity on the
left-hand side, Aw, ! is related to the energy of the wave-field, that is at the leading order

// dmdy,ooA(g)Q X ‘;% = i(f; /dmg/(x)2a(az) = (M)2. (116)

2(.00



We emphasize that, in order to describe phenomena that fully rely on baroclinic driving,
we have disregarded in this problem dissipation in the boundary layers. Although the
associated effective slip boundary condition would be of higher order in the reduced system
we consider, dissipation in the boundary layer would however dominate all the terms in
(113). Indeed, an order of magnitude of the dimensional time-scale 77 over which the
dissipation in the boundary layer damps the wave can be found by

_ JJdwdyp(@)* hVEs
[[ dedypv(W/6pr)?  wsv/e

Therefore, this time-scale is in between the fast one and the slow one. If we were to consider
boundary layers, the input power would have to strictly balance such dissipation by viscosity
at this time-scale, and this power would at order T result in an additional heat input at
y =0 and y = 1 as a consequence of viscous heating.

TBL (117)

4 Linear response

We now consider the simplest regime of this system, in which an acoustic mode of given
amplitude and geometry drives a laminar mean flow. For consistency, we hope that
this flow will, in return, not much affect the geometry of the acoustic mode.

4.1 Reynolds stress
For this problem, py = Tgl = (1 +Ty)~ !, so that
T
a=1+73 (118)

does not depend on x. We can therefore find an explicit expression for the function g,

g(z) = C cos <\‘*/’%x> + Oy sin (\‘j%) : (119)

where C and Cy are constants that have to be determined. The boundary conditions on
g, 9'(0) = ¢'(2m) = 0, fix Cy = 0. Moreover, periodicity requires

wo = nv/a, (120)
and, with the normalization condition, we end up with

ola) = 2, (121)

We can then compute w1 and 01. 41 is

/

9
wd po

sin(nx)

nay/m’

g = — (1+Ty) (122)
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Figure 5: Geometry of the acoustic velocity fields for the mode n = 1.

and 07 is

cos(nx) nsin(nz) 1+Ty/2)

=y 0 <n2aﬁ /Oy(l + ry)dy> = % (1 - (a> cos(nz). (123)

According to (122) and (123), the vertical velocity field does not depend on n, contrary
to the horizontal one that decays with n. The velocity field for n = 1 is sketched in Fig.
5, and reveals the presence of vorticity. We then evaluate the first contribution to the
Reynolds stress,

_ S 1 A(T)? . (1+Ty) .
2\ 2\ _ 2
Oz (pouf) = —0y (1 T, 2 u1> =—A(T) ST sin(2nz), (124)

the second one,

J—— 1 A(T)? . A(T)? 1\ .
— o) = — = —_ =
Oy (pouv)) Oy <1 Ty 2 u1v1> 47ma2r y—g sin(2nz), (125)

so that the full Reynolds stress reads

2
R(z,y) = —;475222 <1 + g + gy> sin(2nx) (126)

4.2 Laminar mean flow

We then assume that the steady state mean flow is small enough so that equations can be
linearized. Contrary to the usual analysis of Rayleigh streaming, we cannot use a stream
function because, in general, this flow is compressible (even though the Mach number is



negligible). The governing equations (63-67) read

( 1 Oyy 0
0= = 0.7 + R(w,y) + o hz (127)
06T =0 128
Y
IC)
Onbiu + 000 = 27 h; (129)
_ IC)
0v=(1+Ty) F;/’ye % (130)
~ S)
R TE VI )
We can remove 7 by combining (127) and (128),
Oyyya 0
Oy R = — ;/zf R (132)
The conservation of mass (129) and (130) also imply
o (1+4Ty 5
Finally, we obtain a close partial differential equation for ©,
(1 + Ty) Dyyyyyyd© + 3T 0yyyyy 0O
Oy R = I'ResPesh* ’ (134)
that is,
(1 + Ty)OyyyyyydO + 3Ty, 00 2A°T
T Re, Pe,ht = a2 (135)

This equation has to be solved with the following boundary conditions
1. 66(y = 0) = 60(y = 0) = 0 (fixed temperatures at the boundaries)
2. 60" (y =0) = 50" (y = 1) = 0 (from (130))
3. 60" (y=0)=§0"(y =1) =0 (from (133))
4. 27 periodicity in x

With these boundary conditions, a unique solution can be found. Since it is quite
lengthy, the general solution is postponed to Appendix D and we thereafter focus on
I' = 1, in which case

_ 2A’Re,Pegh*
60(x,y) = ——RSW e cos(2n)G(y), (136)
with
1
G(y) x [60(1 +y)* In(1 + y) (137)

~1080(—3 + In(16))
+y (94 — 90y — 20y* — 2221n(2) + 3y*(—3 + In(16)) — 55°(—5 + In(64))) |.
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Figure 6: Vertical structure of the temperature perturbation.

This function is always negative, and reaches its minimal value in the range [0,1] at y =
0.488, where G ~ —1.63 x 10~%. It turns out to be quite similar to a sine function, see Fig.
6. The very small values taken by this function in this range may seem surprising given
that it is the solution of an ordinary differential equation with coefficients of order unity.
However, similar features often arise when high order derivatives cap the variation speed of
a function with boundary condition zero at both sides (see, for instance, the linear regime
of convection between two vertical walls of different temperatures).

With this result, we can compare the amplitude of the velocity fields balanced by vis-
cosity caused by dissipation in the boundary layers (Rayleigh streaming) to the one driven
by a background density gradient. The dimensional maximal velocities of these flows along
the  direction are respectively®

UR

_3U2  (3e
S\ 8

=3 > U, and dp= (3.2 x 10 *A*Re,h?) U.. (138)
Uy

Therefore, for small values of €, the baroclinic forcing dominates the one caused by dissipa-

tion in the boundary layers.

4.3 Comparison with previous work

This streaming flow can be compared to the study of Lin and Farouk [8], in which direct
numerical simulations of the full set of equations have been performed. The system con-
sidered is similar to ours and consists in a thin channel in which a temperature difference

*Numerically, max [(14+9)G" ()| = 8.99 x 107 (reached for y = 0.777).
yel0,



can be applied between the two horizontal walls. With no thermal driving, the response is
found close to the one described in Sec. 1 and consists of stack cells. When a temperature
difference is applied, the vertical cells merge.

For their case 1C, corresponding to the highest temperature difference, the dimensionless
parameters are:

e=10"2, y=14, I'=02, h=23, Res=57, Pe,=41. (139)

The amplitude A of the wave field is not reported, but it can be reasonably assumed to be
the one in the absence of temperature difference, in which case A ~ 6.

For these parameters, the z (resp. y) component of the streaming velocity at x = 37 /4
(resp. m/2) are found to be in our model

_ 3 (1 + Py) 2 2 1"
1) = — = ——— "2 A°Reh*T'G 140
u(x 4 ’ y) 7T(2 + F)Q €s r (y)7 ( )
and (1+Ty)
_ 77 + 1y 2 2 "
) = — =924 Re TG . 141
’U(x 27y) 7_‘_(2 + F)Q 65 F(y) ( )
where the function G' now reads
Go2(y) = 47.664(7.19999866y — 0.1575906y2 + 0.096y3 — 0.0047285y4 (142)

4 0.0002914%° — 1.445%1n(0.2) — (36 + 14.4y + 1.44y%)In(1 + 0.2y)) (143)

The data of [8] are not dimensionless, and we then consider the dimensional streaming
velocities, obtained by multiplying 6@ by ea,, and 6@ by €3/2a,h, with a, = 353 m-s~! here.
The comparison is reported in Fig. 7, and shows a quantitative agreement (no adjustable
parameter), although the dynamics in [8] involves several effects not taken into account by
the linear response model, as boundary layers, viscous heating, inertia, and evolution of the
viscosity and diffusivity with temperature. This confirms that our model captures the main
features of this dynamics.

4.4 Additional heat flux

Fig. 8 shows the streaming velocity field together with the temperature perturbation: we
can clearly infer an increase in the heat flux, that we want to compute. A practical issue we
face is that the first order additional heat flux vanishes, since the temperature disturbance
is of zero mean in the x direction:

2m 2m
/1/ dz(0,00)(z,y = 0) / dx cos(2nz) = 0. (144)
0 0

Instead of computing the next order temperature perturbation, we will show that the
integral of (@T )2 contains the information we are looking for. To prove this, we go back to
the dimensionless quantities and the expansion in power of . On one hand, integration by
part of this integral yields

/ﬂ//(@f)zdxdy = /@// dzdy(VTg + V0o + VO, +...)> (145)

_ ,{// drdy (VT5) + (V60)? + (V612 + ... ). (146)
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Figure 7: Comparison between the numerical data of [8] (case 1C) and the linear response.

On the other hand, we also have

~ - ~ 1 Hx ~ o~ ~ . ~ o~ ~
K / / (VT)2dzdy = & / da [T@gT}O —k / / dedyTVT = OAO, — / dedyTV2T,
B ) . (147)
where A©, =T (y = H.) — T(y = 0) is the imposed temperature difference and @) > 0 the
heat flux that goes through this system (see (74)). We then work out the last term with
the heat equation, with viscous heating denoted as @, as in (43).

KJ// dedyTV?T = // dxdyT <ﬁcv ll_))]:j +p(V 1) + @) (148)
& / / dadyp(ii - V)T / / 75 VD gy + / / dady®T (149)

—o- / / : (ﬁ-V)(Tﬁ)—ﬁ(ﬁ-V)T) dady + / dady®T (150)

To derive these equations, we explicitly state that we consider a steady-state, for which
V- (pu) = 0. Using the equality [[ dzdypT(@- V)T = 0 derived in this set of equations, we
obtain

m// dzdyTV?T = —// dxdyf’ﬁ-%Jr// da:dyp(ﬁ-@)ﬁr// dedy®T  (151)
=_ / / dzdyTa - Vp+ / / daxdy®T. (152)
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Figure 8: Mean velocity field forced by the mode n = 1. Color is the supplementary
temperature perturbation (blue is cold): remember that the bottom boundary is cold in
this setup.

We recognize the pressure gradient of the momentum equation, so that
—k / daedyTV*T = / / dadyT (ﬁ-(%) — q)) (153)
- - 1~ -~ -
= //da:dyT <ﬁ - [V2ﬁ+ V(v a)} —a-(a-V)a-— @) . (154)

If the temperature were constant, viscous heating would cancel out the viscous term, see
(46). For the given study, all these terms are of high order in €, and can then be neglected.
Therefore, at the leading order, the heat flux in a steady state is given by

QAO, =k / / (VT)2dady. (155)

To deal with dimensionless quantities, we introduce the Nusselt number Nu for the heat
flux, defined by

1
27

Nu 1+ /OQWdﬂs(ay(@o—i—e@l—|—...))(y=0). (156)

- 21k AO, (k. H,)™! -

From (155) and (156), we obtain at the leading order in €

1 /2 _ 1
Nu—1= 27T7F . d:z:(ay@())(y = O) = 27{'F2

/ dady(0,00)? (157)

In this section, O has been computed for I' = 1 as a linear response at the leading order
in the wave amplitude A(T), see (136). Thus, ©

Nu—1 — 2AYRe2Pe2h®

1
= o7 /0 dyG'gen (y)? = 3.2A4Re2Pe2n810710. (158)

SNumerics give fol dyG'ser (y)? ~ 1.276 x 1077,
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Figure 9: Prefactor of the Nusselt number

Generally speaking, it can be cast under the form
Nu —1= N(I')A*Re?Pe?h®, (159)

where N(I') is reported in Fig. 9. This has to be compared to the result obtained for
streaming based on dissipation in the boundary layers, worked out in [6], that reads’

(Nu—1)g,; = 6.2Pe2h*e*107°. (160)

This demonstrates that, although the Nusselt number we just derived is very small, it
still lies several order of magnitude above the one resulting from acoustic streaming in the
boundary layers. Our very small Nusselt number is a consequence of the fact that the
Reynolds stress is balanced for this linear solution by viscosity, and not by inertia. This
second regime is associated with larger velocities, hence larger heat conduction.

We emphasize, again, that the present study neglects dissipation in the boundary layers.
Would it be considered, the additional heat flux would be dominated by the power required
to sustain the wave.

4.5 Efficiency of this heat pump

We look for the power required to sustain the linear steady state. This can be done with
the amplitude equation. In the limit of small amplitude, the dominant term is the one that
does not vanish for u; = v1 = 01 =0. For I' = 1, we find

~  icos(z) 2. 9P
©1 = co/m ((7—1)+y(v—3)—3>, (161)

"The Péclet number PE defined in [6] is in our notations PE = 3Pesh%¢/32.




and then

’L'U.)O 2 2

This stands for dissipation caused by thermal diffusion. In order to observe a steady-state,
this has to be balanced by an input power P, so that the amplitude equation finally reads

1dE 2 P

. 1
EdT ~ 3Peg? E (163)

where E = A%/(2w3) is the mean energy of the acoustic waves. This yields in a steady state

2A?
= 9Pe? (164)
Finally, the efficiency £ is given by
g VU =D) g 10842 Re2pedn® (165)
73 =1 s S

The dependence on A comes from the fact that most of the injected power is, for small
A, actually used to balance linear damping of the waves (and not energy transfer from
the waves to the mean flow). Although definitely small, this efficiency presents a huge
dependence on h that emphasizes the importance on cells of aspect ratio of order one.

5 Numerical Simulations

The linear response solution previously derived, and upon which the additional heat flux
and Nusselt number have been computed, does not hold when there is inertia or
feedback to the acoustic wave field. In order to describe the dynamics of the system
in this regime, we performed numerical simulations of the reduced set of equations (63
- 66), where the Reynolds stress is computed at each time step by solving the
eigenvalue problem (100). This has been done with Dedalus [15].

For parameters of order unity, the solution obtained is a steady-state very similar to the
linear response. This has been used to check the correctness of our theoretical
computa-tions. On the other hand, when these dimensionless parameters are increased,
the numerical solution differs from the linear response, and states with strong
feedback can be described. The characterization of this regime is still under progress,
but as a preliminary result we report the solution obtained for the parameters of Lin
et al. in Fig. 10.

Conclusion

One main conclusion of this work is that acknowledging the presence of a density
gradient as the main driving mechanism of acoustic streaming is crucial to get the
correct dynamics in stratified flows. In particular, baroclinic acoustic streaming has
been shown to result in velocity fields much bigger than the ones obtained from the
usual boundary layer theory. This mechanism is especially favorable for enhancing
heat transfers with a good efficiency:
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Figure 10: Numerical solution for the parameters of [8] and comparison with the linear
model.

whereas the power used to excite the acoustic waves is mainly converted to heat
within the boundary layers in the absence of temperature driving, it can a priori be
fully transferred to the streaming flow with the baroclinic mechanism.

Because streaming motions are important in this regime, the temperature
disturbance is also large, which results in a two-way coupling between the waves and
the mean flow [10]. For a strongly stratified thin layer, the dynamics involve both a
fast time (associated with the period of the waves) and a slow one (on which the
mean quantities evolve). With a solvability condition, we have completely eliminated
the fast time scale, and found that both the geometry and the amplitude of the
waves can be explicitly solved on the slow time scale. We have also obtained a first
order solution for the steady-state that compares well with the previous numerical
study of the full system with moderate aspect ratio. Numerical simulations can be
used to obtain the solution for any range of parameters. This has been done to check that
our theoretical computationswere correct, and to compare them to the DNS of Lin et al.
[8].

Moreover, the computation of the heat flux and of the efficiency clearly points out
the relevance of aspect ratios of order one. In such limit, the flow associated with
acoustic streaming caused by boundary layers is restricted to a small portion of the
domain, whereas the one resulting from baroclinic acoustic streaming, acting as a bulk
force, would probably not. More generally, such quasi-linear systems in which fast
waves are coupled with the mean flow they drive, can be found in other domains of
fluid mechanics. For instance, it describes zonal jets (see [16] and references therein)
and strongly stratified turbulence [17].
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A Derivation of the energy equation

The energy balance can be obtained from the initial set of equations (41 - 44), starting from

0= /C de(pa)dsS = / / dzdyV - (pu), (166)

and using the fact that for any function f, our boundary conditions lead to

//dxdy //d:zdy af + (@ ) - i//dxdyf—//dxdyf(vﬁ). (167)

The main steps of the computation are:

1. Split the divergence in (166) and use (41) and (43) to obtain

_//1;1;?_// //da:dy(l) (168)
/ / dxdyupﬁ ! / / pu’ (169)

3. Using (42), (43) and ¢,(y — 1) = R for an ideal gas, derive

sor = ) e ff
Y N s e dady® 170
//ﬁDt = xy7_1+Q+ xdyQP, (170)

and finally obtain (73).

2. With (42), find

B Set of equations for the waves at the next order

NS in the z direction. We look for (68) at the next order. Eq. (48) at order €2 is

1
P1 [WO8¢UI1] + po [w08¢u'2 + w18¢u/1 + Oruy + w10,u1 + Ulayul] = a T + Re.h? 3yyu1.

(171)
Fast-time averaging this equation yields
1
Regh?

wop’18¢u’1 + po [87“’[11 + u10,u1 + vlayul] = 3 T2 + 8yyu1, (172)



that eventually becomes (58) with the use of (70). To get an equation for u}, we subtract
equation (172) to (171),

1 P
WQ,(_)08¢U/2 + ;a‘rﬂé = —Wwo |:,018¢u,1 — p’10¢u’1 — w1ﬁ00¢u’1

_ 1
— pPo [8Tu’1 + w1011 — u10,u1 + Ulayul — v18yu1 + Wc’*)yyu’l. (173)
s

NS in the y direction. We look for (69) at the next order. Eq. (49) at order € is
OyTro
Th?

= —ﬁ0w08¢v1 = ayﬂ'é = —7h2ﬁ0w08¢v’1. (174)

Conservation of mass. We look for (70) at the next order. Eq. (51) at order € is

(w08¢p2 + w18¢p1 + 8Tp1) + Oy (ﬁQUQ + plul) + 8y (ﬁovg + plvl) =0, (175)
Fast time average yields
Orp1 + Oz (potiz2 + prur) + Oy (pov2 + pro1) = 0, (176)

And then,
woOypy+0x(Pous) +0y (povy) = —w104p1 —0rp) —0x (prur — pran) =0y (pror — pron) . (177)

Internal energy balance We look for (71) at the next order. Eq. (50) at order € is

_ _ dT)
wp0yO2 + w104O1 + OrO1 + u20,00 + u10,01 + 120,00 + 110,01 + UQTyB =(1-7)

OyyO1 _ Playy@O)

— ’Y _
[(TB + @0)(81’&2 + ay’l)z) + @1(83511,1 + (9y’l)1)] + 0Pe. <(9m;@0 -+ 12 ﬁOhQ

Fast time average yields

~ ~ [ ~ I dT’

9101 + 120,00 + 110,01 + 120,00 + 119,01 + @Qd—; =(1-7) (178)
a — — Y A ay é1 _ ﬁlayy(:)o

[(TB + O0)(0z 12 + 0yT2) + O1(0pur + 8yv1)] + oPe. (ang@o + 12 oh? ,

And then
w08¢@/2 + OJ18¢@/1 + 8T®’1 + U/anéo + 110,01 — 110,01 + Uéayéo + U18y@1 — v18y®1
dT’ _
n vngf = (1—~) [(TB + O0) Byt + Byvh) + O1 (Dyus + yv1) — O1(Opur + ayvl)]

4 v (831216/1 _p/layyé())

Peg \ poh? ph?
that also reads
w0y + 150,00 + 159y (00 + Ts) + (v — 1) [(TB + O0) (Dxuh + Dyu)]
= —w10,0] — 9r0} — 110,01 + 110,01 — v10,01 + 110,01

gl P10y O0
+(1—=7) [@1(3xu1 + Oyv1) — ©1(0zu1 + 3yv1)} + SoPei? <8yy6)’1 — # . (179)



Equation of state. We look for (72) at the next order. Eq. (52) at order € is

T2 = p2(T5 + o) + p1©1 + PO, (180)
Fast time average yields
T2 = p2(Ts + Op) + p1©1 + P O2, (181)
And then B
Ty — py(Tp + Op) — poO3 = p1©1 — p101. (182)

C Slow evolution of the amplitude

We wish to derive an equation for the evolution of A(T). To do so, we have to find a
solvability condition. We proceed as follows:

1. We write all the variables at the next order as
f(@,y, T,0)y = BD)/2 (¢ folw,y,T) + c.c.) (183)

We keep the previous form for the variables at order one, and we discard all the terms
that do not go as et*®.

2. Using the set of equations at the next order, we reduce this system of five variables
(tg, Vg, T2 , P2, O2) to a system of two variables (G2 and 09).

3. We find the adjoint of this linear system and the general form of the solvability
condition.

4. We enforce it and get a close equation for dA(T')/dT.

C.1 Step 2, part 1: get an expression for ps

We recall the conservation of mass at the next order, equation (177):

wodpps + D (pouy) + 0y (povy) = —w10py — Orpy — 0z (prur — prar) — 9y (p1v1 — pion) -

It becomes

B(T) (woip2 + 0z(potiz) + Oy(pota)) =
A 51

— ﬁpl — A(T) |:w1iﬁ1 + ﬁ + 893(/31111 -+ ﬁ1ﬂ1) -+ ay(ﬁﬂA)l + /317)1)} , (184)

where §f /0T is the functional derivative of f with respect to any dependence it may have
on slow time 7. For a later use, we rewrite this equation as

B(T)ﬁQ iB(T) o o i dA |
— = —= (0 (potiz) + O U9)) + ———
7 07 (0z(potiz) + 9y (po2)) oo Fid

7

wo o

0 . L L
A(T) [5’; +iw1p1 + Oz (prin + priy) + 9y (pron + pﬂq)] : (185)

_l’_



C.2 Step 2, part 2: get an expression for O,

We perform the same simplification for the internal energy balance at order two (179),

B(T N _ B -
AETi (iwo@g + 120,00 + 020, (@0 + TB) +(y—1) [(TB + O¢)(0p 2 + 8y®2)])
— —mi@l — L%é _ @ — ﬂlagj(:)l — 12181(3)1 — @1ay®1 _ @18yé1

ATYdT ' 6T

A _ _ ~ N . Y A Pl =
+ (1 - ’}/) [@1(635’&1 + 8yv1) + @1(635’&1 + 8yvl)} + W <ayy®1 — ﬁoayy@O) R (186)
that can also be written

wo

(’llgamé() + @28y ((:)0 + TB) + (y— 1) [(TB + éo)(axﬁg + 8:11@2)])

T)0;
1A(T 1 dA - 00 ~ N A ) _ . A
( ) <w1191 + mﬁ@1 + —= 5T + 110:01 + 110,01 + Ulay@l + v18y61>

AT . o )
+ Zw(o)(fy ) [el(axal + 0y01) + O (Bt + ayvl)}
iA(T) A Py &
w0 poPedh? <3yy91 P 9yyOo | - (187)

C.3 Step 2, part 3: get an expression for 7,
We recall the equation of state (182),
my — py(Tp + Oo) — poOy = p1©1 — p1O1. (188)

Now that we know ps and O, we can find #,. First, with our notations and (Tp+©0) = py L

~

If A(T) = 0, this equation would be the same as at order one and read

o = L (Dyptiy + O, n). (190)
wo
We have to complete this equation with forcing terms. We get:
B(T) (7?2 - Zul(am'[Q + 8‘74172)) = (191)
0
i dA i 0p1
—p AT) | —= U H1U 010 H1U
oo g T wo0po (T) [6T +ip1w1 + Oy (P11 + p1ur) + Oy(p1o1 + /0101)]
A(T)p A 1 dA -~ 60
+ iA(T) po ( . o) 1

+ 110, @1 + w10, @1 + v18 @1 + 010 @1)

oo \“OTT A ar Ot S

A(T)p ) o
4l (wo)/?o (v—1) [91(333?11 + 0y01) + ©1(0,01 + 0y01)

ATy
wo Pegh?

<ayyél — g(l)ayyéo) + A(T)p161 + A(T)p161.



We write this equation as

iy W
Ty = oo (Opi2 + 8y112) + 7B(T)’ (192)

where H is a known complex-valued function.

C.4 Step 2, part 4: get a system of equations for u, and v,

We start with the Navier-Stokes equation on the y direction at the second order (174),

iawaO

B(T)0y#ty = —iyh?powoA(T)o1 = B(T)0y (Dyiia + Oyia) = — W2 powd A(T) 1.

Similarly, the Navier-Stokes equation on the z direction at the second order (173) is

iB(T) 0.H

woﬁoiB(T)’El,z + o O (893122 + (%@2) + (193)
0
o . . . A(T) .
—iwop1 A(T) 0y — w1 poA(T )y + RTShQayyul
_ (dA . 0t o o JUN R
—po | gl + A(T)é—T + A(T) 10,1 + A(T)u10501 + A(T)010yu1 + A(T)010y11 |
that is,
jwoOr H
B(T) (92 (Dytiiy + y2) + w2puity) = WOV (194)
N _ . . AT )
— wgﬁlA(T)ul — wow1poA(T) 0y — zwoRe(hLnyul
. _ (dA oty o o o o
+ 1woPo Sl + A(T)ﬁ + A(T) 010ty + A(T) 110,11 + A(T)010yu1 + A(T)010y0 | -
C.5 Step 3: general solvability condition
The previous system is of the form
D (0xlig + Oyi0) + Wi potia = F (195)
8y(8xﬂ2 + 8y@2) =g (196)

where F and G are complex-valued functions. In this vector space (R? — C)2, a vector

writes
]
V- () (197
U
The linear operator we consider is

2
r— (a:m: + WoPo aa:y) : (198)
8xy ayy



so that the above system is simply LV = F. We define a scalar product (-|-) as

21 1 2T
(ValVp) = / di / dy (V3 V3) = / dz / dy (@Al + D40%) (199)
0 0 0 0

where * stands for the conjugate. We can easily check that £ is self-adjoint (£ = L), given
the 27 periodicity in x and the kinematic boundary conditions in y (v(x,y = 0) = v(z,y =

1) =0):
(LV V) = / / dedy [(Ouwiin + w2oiia + Ouydn) W + (Dylin + Dyyda) 8] (200)
- / / dady [(Duaityy + w200ty + Ouyil) ia + (Duyitly + Dyydly) 0a]  (201)
— (VA|LVE). (202)

We also know what vectors are in the kernel of £: it consists of the first order acoustic
modes already described, one of them being V; = (1, 91). Therefore, we must have

(F[V1) =0, (203)

that also reads,

//G@wﬂﬁaw+ﬂ%Mﬁ@wDM@=0 (204)

C.6 Step 4, part 1: first approach of the solvability condition

Given that u; and 0; are real-valued fields, the solvability condition (204) can be easily
decomposed in a real and imaginary one. The crucial one concerns the imaginary part of
F =F, +iF; and G = G, + iG;, that are respectively

wo wOA(T) ~
= g, A (205)
_ [(dA oty _ _ . P A
+ WoPo ﬁul + A( )ﬁ + A( )uﬁxul + A(T)ulaxul + A(T)UlayU1 + A(T)Ulgy’u,l ,
and,
G — %HJWO, (206)

The terms involving H, in the solvability conditions are

//da:dy (110, Hy + 010y M) //dxdy?—[ (Op1 + Oy01) //dmdyg
(207)



where the real part of H results from (191). For this purpose, remember that both pq, 6,
and 71 are pure imaginary fields. Thus,
0p1

1 dA | ) . ~
r = wofo ﬁpl MA(T) |:5T + 8;c(p1u1) + 8y(p11)1):| (208)

iA(T)ﬁ()( 1 dA. 56,

o A(T) dfjﬂ@l + 57T + 110,01 + 618y®1
A(T5
4 Ao

wo

) iA(T " . -
(v - 1) [@1(096@1 + ayal)] - afo )P(th (ayy@l - ’p;l)ayy%) .
S

Note that this procedure has removed all the higher order mean-flow terms (©1, p1). This
has also removed wy, and if we keep to this part of the solvability condition we will not
be able to get the slow evolution of the phase. Now, we are going to simplify H, with the
expressions of p; and ©;. For instance, with (91) and (92),
i dA,  ipgdA A idA(ﬁl A> i dA . v dA

— 1

woPo ﬁpl + wo dT’ L= ;Oﬁ

A = — i =L (). 2
P + pp© o Falk 2 dTg(x) (209)

C.7 Step 4, part 2: a closer look at the functional derivatives

For further simplifications, we have to give a formal definition of the functional derivative
§/0T. For a given real-valued functional F' defined by

{ function space — R (210)
f= F(f) (211)
. ... OF . .
the functional derivative W(h) describes how F'(f) evolves when f — f+ h, with |h| — O:
or F(f+¢eh)— F(f)
ﬁ(h) = lim < - . (212)

In the present work, we consider functions f that have a functional dependence on pg and
also depend on the real parameters x and y. In all the previous calculations, we were
interested in how the real number f(z,y;[po]) evolves for fixed x and y, while py evolves on
the slow time. Formally, we should therefore define a functional f, ,, such that

f { ([0,27] x [0,1] = R) = R (213)
A po = f(=,y;[po)) (214)
and the shorthand :5% should therefore be understood as
of Ofey n —
— —_—2 . 21
(55) = L2 orm) (215)

This term is the increment in f(x,y; [po]) at fixed x and y for an infinitely small slow-time
increase (pg — po+edrpp). We can perform basic operations on these functional derivatives.
Let us for instance take the example of one showing up in (208):

5/31 6/31,:1:4/ _
<(5T‘> — - 5ﬁ0 (8TP0)7 (216)



with similar notations as above. Moreover, equations (91), (92) and (96) give

L P 9
_ P09 g

217
P1 w0 0 ( )

In this equation, both pg, g, ©; and wy have a functional dependence on py. Functional
derivatives obey linearity and product rule, so that (216) becomes

5p\ . (Podg g opo  _ dwyl\ 5001 A 6p2
<w>—”<%w+%w+m 5T ) ~ P ~ O (218)

We then detail each of these terms successively.

o
5—? : since g does only depend on «, this term is formally defined as
og 0ga
— = = (0ra). 219
5T = sg 019 (219)
55
% : it stands for the evolution of pg at given x and y as time goes by, i.e.
5[30 5160 T,y _ -
— = == (0 =0 T). 220
ST 5ﬁ0 ( TPO) T/)O(xa Y, ) ( )
dwg ! . . _ o .
s L wols also a functional of gy (or rather «), because it is defined as an eigenvalue of
an ode involving «. This term cannot be changed much,
Swy 1 dwy Orwo
=29 = — . 221
oT wg da (Ora) wi (221)
0, : : : .
ST : this term fortunately cancels out with another one in the expression of H,.
5—2
% : similarly to (220),
O _ o000, T) (222)
— = T .
5T PoOTPO\T, Y,
Therefore, 9p1 can be written as
orT
opr . ([ podg  gOrpo  PogOrwo 5001 .
— = —_—= — — Do—=— — 2p001po©1. 223
0T ”<w05T+ wo W2 PoTg — SP0To (223)

The term —— being canceled by a similar one in (208), we end up with only one functional

derivative left in #,, that reads in the solvability condition

X = —% / / dudyg(z) ii)(;) X <”52§;> - AL? / / dxdyg(a:)%. (224)




The integral over y is immediately computed, since nothing depends on y. Going back to
more formal notations, we have

_AT) [T 0ga _A[@) [* dg3
X = o /0 da:g(a:)a(agra)f 2w0/0 dwE(aTa). (225)

We then use the formal definition of the functional derivative (215) together with the nor-
malization condition (106):

A(T) m ( T drg?(a+ edra) — [T dxgg(a)) _ A(T) - (1 - 1) _0. (22)

X =
2w e—0 € 2wy e—0 €

Finally, we end up with no functional derivative left from #, in the solvability condition.

5
Let us have a look at the other contribution, i.e. the term % in F; (see (205)). It reads

Y = // dxdyty x wopoA(T )?}1 (227)

According to (98), 11 = —g’/(w%ﬁo), and then

/ / dadyg' (x ‘;( g ) (228)

As previously, we simplify the functional derivative,

1 5g 2g,8TW[) glaTﬁo )
dxdyg' (z ( — 229
// (5T owg’ w%pg (229)
_ / dra 59 _ 24 aT“’O / dza 2(z) / ay TP (930)
wg Po

The normalization condition (106) with the constitutive relation on g (100) gives

27 o 21
/ dzg/(2)%a(z) = [g(x)a(z)d ()] + / dzg(z) x (W2g(2)) = o (231)
0 0

The second term of Y, involving drwg, can then be immediately computed. The functional
derivative becomes

A(T) 09 A(T) 3g” _ A(T) 0(ag?) oo

wg /d:vag ST = 2008’ /dma ST — 2wg /d:v( 5T _92(5T) (232)
_AM T, <f dz[og”)a + edra] — fdl’[ag’QHOé]> /d (@)% } (233)
_A(T) A(T)drwo B A(T)

3 /dmg/($)28Toz. (234)

2
w; 2wy

[2w08Tw0 —/dxg/(a:)28Ta] =

2wy
Coming back to Y, we get,

y = Ao A(? /dxg/(a:)23Ta - Aog) /dfﬂga(ﬂﬂ)/d?/ano’ (235)

2
wWo 2wy 0 Po




and finally, with the definition of «,

A(T A(T
y = A )‘ET“’O 4 ( 3) / dzg' (z)*0pa. (236)
wj 2wy

Again, the functional derivative is simplified with the use of the normalization condition:
finally, we no longer have them in the solvability condition.

C.8 Step 4, part 3: simplifying the first part of the solvability condition

According to (207), the solvability condition can be written as

/ / dwdyiy <]—"Z- - “ffgm) - % / / dedyg(z)H, =0, (237)

51 S2

and we are in this section interested in simplifying S1. With (205), we have

woA(T R
S = // dajdyulwopo—ul // dxdyt }% h2) Oyylin (238)
+ A(T // dxdytiywopo ((ST + U101 + 10,01 + 010y + 010 u1> (239)
We detail all these terms successively:
. . _,dA
e Combining (231) and (98), the first term is found to be wy T

e The second term can be written as

N WOA(Q) N 11(1) / / / / %) 0
= —— . 24
//dacdyul R ShZ 8yyu1 = ReShQ S’ dxg( ) Yy— 0 yypo ( )

Integrating by part this integral splits it into a sign-definite bulk dissipation and a
sign-indefinite power exchanges at the solid boundaries.

e The third term involves the functional derivative of 4; and has already been worked
out, see (236). It reads

T)wo // da:dyulpo(sul A(T)(;)Two + A(Z;) /dwg'(m)ZaTa. (241)

wp 2wy

e The fourth term is:
A T / 2
T) / / dwdytinwopotn Oyiy = (3> / / dady? (;) B,y (242)
w; 0

dxdyiiy <29'(1‘[_25]”(:1:) + g’(x)anP()l) . (243)




e The fifth term is

T) // dxdyiiywopotia Ozl = L? // dzdyg' ()10, <g’;:)> (244)

/ 1!
dxdyiy ( V20,00 " + g(a:)g(x)) ) (245)
Po
e The sixth term is
T) // dwdyﬂleﬁoﬁlayﬂl = —AQ(JT)// da;dyg’(:c)@lc‘)yal (246)
0
- /t(}T) // dzdyg' (x)u10y01 (247)
/ !
wo QPO
e The last term is
T) // dxdyiiiwopov10yty = A(?// dxdyg'(:v)%layﬁal. (249)
Wo

Putting all this together, we get

1 dA g P A(T)orwy  A(T)
S = w—oﬁ ReshQu}O //d dy OyyPo 2 + 2 /dxg( )2ora (250)

drdyuy ( 2)20,p0 " + wig(x)g'( drdyg' (2)*010,p, "

C.9 Step 4, part 4: simplifying the second part of the solvability condition

We are interested in simplifying So, that is defined as

=2 [[ dwdug(a (251)

with #, given by (208) simplified with (209),

_y9(@)dA i S L
Moo=t o AT |57+ Oelpri) + 0, (1) (252)

i A(T
+ — ! ( ) 5@1 + 10, @1 +v18 @1
wo (5T

n iA(T) po

wo

1 AT -
(v - 1) [@1(8351“ + ayvl)} - QEO)PJhQ (ayy@1 - Z;ayyeo> .

Again, we compute this term by term:

@ [[ dedygtw (- (g‘) 5= (253)

e The first term is




e The two functional derivatives give, according to (223),

o 8p1  iA(T)po 961
// dxdyg(x <w0p0A(T) 5T + o oT (254)
= Ll // dmdy& X (—2P03TP0@1 + 1y <po<59 + 99170 — pogf)QTw()))
wo (ST wo wo
- 2“4 / [ awdyg(a)@i0r + £ / [ dsaygto” (‘%‘“’0 - ‘9T_p°) (255)
wo Po
_ 2“4 / / dadyg(z)©19rp0 — ——2 / / dadyg 28”)0 A(T)‘ET“’O. (256)
wo
e The term involving p; is,
O [[ dsavgto) x (AT @a () + 3,000 ) (257)
y ipog
= 2| dwdy (526, + 0 + 010, ) 258
7//:cy(pm 20) s (mon £) + 0, 2) (258
" )
== // dzdy©1 (pog'tn — gu10zp0 — gv10ypo) (259)
v
A !
+ 2 [ dsdyg(arpo (z‘ug [_f;”) T ang(2)0uiy " + ﬁlg(w)ayﬁ()l) L (260)
e Other terms read, with the use of (60),
£ / / drdyg(z) x PO A(T) (alaxél +731ayé)1) (261)
Y wo
AT . .
= ! ( ) // dwdyg(a:)ﬁo (al&,:@l +1718y@1) (262)
A
- / / dzdy@, (g (@)poiis + 9(@)0s [poiia] + 9(@), [pom1]) (269
x)0rpo — ¢'(x)poti) - (264)
e We also have
0 [ [ dwdyg(o) % POAD) (= 161 0r1 +0,00) (265)
—(r-nH / drdy®1g(x)polats + 0,01) (266)
—(1- v)T L [[ asayérg@) @r + moum +mio,m). (267

e Finally, the thermal diffusion term reads

wo ATy N Y
S //dmdyg(x)x RN Oyy©1 ﬁoayy@o (268)

0

S o
Pe 2 // dzdyg(x <8yy®1 — poayy90> . (269)




All these results provide an expression for Ss:

Sy — (jo % N A(Ti%?TWO B j?islﬁ / / dxdyg(z <ayy(1)1 — /’Z;ayyéo) (270)
+ // dzdyg(x)po (m z) + @19 ()0, +@1g(w)3yﬁal> (271)
"> //9(90)28;;)0 —iA // ©19(x) (Orpo + 10z po + 019y p0) - (272)
This can be simplified with the continuity equation,
Sy = — Ljo % N A( if:pwo ;ish? / / drdyg(z <ayy(1)1 — /p;(l)ayy@o) (273)
A4 / / dady (g(x)g (2)i1 + g(2)X(Dutis + 1)) (274)
+ia [[ Gwgtalp @ + 0. (275)

C.10 Step 4, part 5: A final expression for the solvability condition

The solvability condition S7 = S5 can finally be expressed, and is after simplification

2 dA 2 dwO N iwo . /A)l _

AdT  wo dT — Peuh? / / dxdyg(x) <(‘3ny)1 p08yy®0> (276)

+ // dl’dyg(x)Q(ag;al + 0,01) + iwo/ (:)lg(g;)ﬁo (Optiy + Oy01) (277)
1 g@?, ., 1

’ Reif [ dxts® s omts' ~ o5 [ dag'@ore (278)

— //d:pdyg ulﬁxpo + 010y Py )

This can still be simplified:

/d:z:g Vora = — // dxdyg 28T’00 (279)

R ) e (Mwyvl_mazpo mayp;). (280)
2w0 Po

e Note that

e Moreover,

iwo P14 = . g A ~ -
Pe.l? // dzdyg(z) <poayy®o> = iwp // dxdyg (wo — p061> X (01 + Oyt1) .

(281)
e The viscous term can also be written, since 0y, p, 1 0yyC:)0,
/ 2 ! 2
// dxdygl(;)ayy@o = Pegh? // dazdyg ,(;) yU1). (282)
0 0



Therefore, we obtain

2 d(Awyh) _ iwp .
Awyt AT Pegh? / / dadyg ()9, 01 (283)
_ _ - 5 g(x)? [ Pes 1
—|—// dxdy(0yu1 + 0yv1) [(1 v)g(z)* + wBpo \Re, 2 (284)
1
~ 92 // alyvdyg’(az)2 (alaxﬁgl + maypgl) (285)
0

D Function G for any I

The solution of (135) for any value of I is obtained with Mathematica,

_A+B+C

Grly) = =5 (256)

where
A=T?(y—1)y[45+T (46 + 3T +y + 30y — (9 + 70)y* + 3(2+ I')y*)] — 300 In(1 + T'y),

B =30+ 1)y (=7 + 10y — 5y° + 2y*) In(1) +30(1 + T) (1 +2T)y In(1+T) — 30 In(1 +T'y),
C=-30(1+D)y (D(~=7+y3(=5+2y)) In ([(1 + ') +20In(1 +T'y) + 10I'y In (I'(1 + T'y)) ,

and
D = 10801 T2+ +2(1+0)Inl) —21+T)In(I'(1 +1))].





