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Class outline:

1. Complex number algebra

2. Complex number application

3. Rotation of coordinate systems

4. Polar and spherical coordinates

1 Complex number algebra

Complex numbers are a combination of real and imaginary numbers. Imaginary numbers are based around
the definition of i, i =

√
−1. They are useful for solving differential equations; they carry twice as much

information as a real number and there exists a useful framework for handling them.

To add and subtract complex numbers, group together the real and imaginary parts.

For example, (4+3i)+(3+2i) = 7+5i.

Try a few examples:

• (9 + 3i) - (4 + 7i) =

• (6i) + (8 + 2i) =

• (7 + 7i) - (9 - 9i) =

To multiply, multiply all components by each other, and use the fact that i2 =−1 to simplify.

For example, (3−2i)(4+3i) = 12+9i−8i−6i2 = 18+ i

To divide, multiply the numerator by the complex conjugate of the denominator. The complex conjugate is
formed by multiplying the imaginary part of the complex number by -1, and is often denoted by a star, i.e.
(6+3i)∗ = (6−3i). The reason this works is easier to see in the complex plane.

Here is an example of division: (4+2i)/(3− i) = (4+2i)(3+ i) = 12+4i+6i+2i2 = 10+10i

Try a few examples of multiplication and division:

• (4 + 7i)(2 + i) =
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• (5 + 3i)(5 - 2i) =

• (6 -2i)/(4 + 3i) =

• (3 + 2i)/(6i) =

We often think of complex numbers as living on the plane of real and imaginary numbers, and can write
them as reiθ = r(cos(θ) + isin(θ)). One of the axes is the imaginary component and the other is the real
component:

This also simplifies their multiplication and allows a visual representation of it. To multiply complex numbers
on the complex plane, you sum their arguments (θ ) and multiply their magnitudes (r). Their addition and
subtraction functions as with vector addition and subtraction, and is easier to do in cartesian coordinates as
before.

Try converting these complex numbers into another coordinate system:

• 5+5i

• 200i

• 6−7i

• 4(cos(π/3)+ isin(π/3))

• 5eiπ/4

Here is an example of multiplication in polar coordinates/ complex space: eiπ/2 ∗6e−iπ/4 = 6eiπ/4

Try a few examples:

• 2eiπ/4 ∗4eiπ/4 =

• 4eiπ/5/3ei5π/6 =

• 3(cos(π/2)+ isin(π/2))∗2(cos(π/4)+ isin(π/4)) =

2 Complex number application

The Ekman Spiral, from https : //www.rsmas.miami.edu/personal/lbeal/MPO%20503/Lecture%2011.xhtml
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3 Rotation of coordinate systems

Rotating coordinate systems is very useful, when analyzing data along a measurement line or some axis that
makes more sense than north and east because of topography, the point of view of a whale, or some other natural
phenomenon. To change into a coordinate system that is offset by some angle θ , you can use the following
transformation. This is just like multiplication by a complex number of magnitude one.

a′x = axcos(θ)+aysin(θ)

a′y =−aysin(θ)+aycos(θ)

The rotation matrix can also be written out:

4 Spherical coordinates

Spherical coordinates are the three dimensional extension of the polar coordinates we have already been using.
They provide an alternate description of a point in the 3d plane, which can be useful for doing integrals over
spherical or conical shapes and often make more sense for doing math on the spherical earth.

r =
√

x2 + y2 + z2

φ = tan−1(y/x)

θ = cos−1(z/r)

Below is a pretty complex and PO specific example of coordinates used for Geophysical Fluid Dynamics. Feel
free to work through it and/or keep as a reference.
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Source: Pavel Berloff, http : //wwwf.imperial.ac.uk/ pberloff/gfd_lectures.pdf
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